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Abstract. The topological trace formula is a computation of the Lefschetz number of a 
Hecke correspondence C acting on the weighted cohomology groups, defined in [GHM|, of 
a locally symmetric space X. It expresses this Lefschetz number as a sum of contributions 
from fixed point components of C on the reduc tive B orel Serre compactification of X . The 
proof uses the Lefschetz fixed point formula of | GM2[| . 

When the cohomology of X is finite dimensional (the equal rank case) , the Lefschetz 
nu mber of a H ecke correspondence acting on the cohomology was computed by J. Arthur 
in Arl , Ar3 using the trace formul a. In th is cased the cohomology coincides with the 
"middle" weighted cohomology (seeJGHMj), so this paper gives an independent computa- 
tion of this Lefschetz number. In | GKM |, it was shown that these two computations agree. 
Consequently, this paper completes an independent proof of Arthur's formula. 

We also describe some of the rich geometry of Hecke correspondences and their fixed 
points. While [Arl| and [GKM], because of their adelic setting, treated congruence sub- 
groups, we treat here the slightly more general case of an arbitrary neat arithmetic subgroup. 
Some of the results of this paper were announced in [ GMl| . 



1. Introduction. 



1.1. Geometric overview. 



1.1.1. Locally symmetric spaces. For the purposes of this introduction, a locally symmetric 
space X is a complete connected Riemannian manifold with finite volume and non-positive 
curvature, such that every point p G X has a neighborhood Up with a Cartan symmetry: 
an isometry Up Up that takes p to itself and induces minus the identity on the tangent 
space to X at p. As for any manifold, we have X = r\D where D is the simply connected 
covering space of X and F is the fundamental group of X. Because X has nonpositive 
curvature, it follows that Z) is a Riemannian symmetric space of noncompact type, that is, 
the metric product of a negatively curved symmetric space from Cartan's classification, and 
a Euclidean factor M"). The discrete group F acts by Riemannian automorphisms of D. We 
assume that this action is "arithmetic" (see § p..2.1|) . 

1.1.2. Correspondences. We are interested in the automorphisms of X. A morphism f : 
X — s> y of locally symmetric spaces is a local isometry; i.e. a map / that restricts to an 
isometry Up Uf[p) for appropriate choices of neighborhoods. Topologically, a morphism 



is a covering map of finite degree. 



There are finitely many morphisms X ^ X. Instead, 
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we consider a correspondence on X, i.e. a locally symmetric space C together with two 
morphisms Ci and C2 from C to X. We can think of (ci,C2) : C =^ X as a multi- valued 
function, whose values at p G X are the points in the set 02(0]"^ (p)). There is a rich supply 
of correspondences. They include the Hecke correspondence, see §1.2.5 . 

1.1.3. Lefschetz numbers. Consider a cohomology theory of X, such as the cohmology 
i7(*2)(^)- A correspondence (ci,C2) : C ^ X acts on H]^^~^{X) by sending a differential form 
uj to C*^^ = (ci)*(c2)*u;. (The map (ci)* adds the differential form over the sheets of the 
finite covering map Ci). It is thought that the induced maps C* : W^^-^i^X) H]^^-^{X) carry 
deep number theoretic significance. One would like to compute them. Unfortunately, this 
is too difficult. Even the rank of H^^2){-^) too hard to compute in most cases. As often 
happens, however, computing the alternating sum over the index i is a. tractable problem. 
Define the Lefschetz number of C by 

LiC) = 5^(-l)^Tr {C* : Hl^^iX) ^ Hl^^iX)) 

i 

Our goal is to compute this, using the Lefschetz fixed point theorem to find an expression 

L{C) = Y^L{F) 

F 

as a sum over fixed point components F of some local contribution L{F). 

1.1.4. Compactifying X . The first obstacle is the fact that X is, in general, non-compact. 
(When X is compact, the Lefschetz formula was described by M. Kuga and J. H. Sampson 
||Ku|| .) There is no hope for a Lefschetz fixed point formula on a noncompact space. To see 
this, consider the example where X is the real line with the self map that sends x G X to 
X + 1. The Lefschetz number for ordinary cohomology is 1. But there are no fixed points, 
so the right hand side is no matter how L{F) is interpreted. There are similar examples 
for cohomology and locally symmetric spaces X. 

The solution is to pass to a compactification X of X. We need a compactification X C X 
satisfying 

1. The cohomology of X can be expressed locally on X. 

2. The correspondence (ci, C2) : C =^ X extends to a compactified correspondence (ci, C2) : 
C^X. _ 

3. The singularities of X are simple enough to allow a calculation of L{F). 

Remarks on these properties. In (1), "Expressed locally" means that the cohomology is 
the cohomology of a complex of sheaves on X. For (2), we want a functorially constructed 
compactification C of C. The map C* on cohomology should be induced by a lift of 
the complex of sheaves to C. Properties (1) and (2) together will imply that there exists 
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an expression L{C) = ^ L{F) for L{C) as a sum of contributions L{F) over fixed point 
components F of C, by applying the fixed point formula of Grothendick and Illusie []G^ . 

A lot of effort has gone in to constructing various compactifications of X. Most of these 
fail some of the criteria, however. For example, the toroidal compactification [|AMRT|] for 



Hermitian X satisfies (3) but neither (1) nor (2). The Borel-Serre compactification |PS 
satisfies (2) and (3) but not (1). (It does satisfy (1) in the case of ordinary cohomology 
rather than cohomology. In this case, U. Weselmann, following suggestions of G. Harder, 
has carried out the Lefschetz computations ( [|We|| ).) 

It is likely that (for sufficiently high rank) any compactification satisfying (1) and (2) must 
be singular. A well known example is the Baily-Borel compactification for Hermitian X. This 
satisfies (1) because of the Zucker conjecture (i.e. the Looijenga, Saper-Stern theorem) which 
expresses the cohomology of X on the Baily-Borel compactification as the intersection 



cohomology, which is the cohmology of a complex of sheaves (see ||GM4]| .) It satisfies (2) 
because it is functorial. However, the singularities of the Baily-Borel compactification are as 
complex as a locally symmetric space only slightly smaller than X and are too complicated 
to allow a direct computation of L{F). 

The first miracle is that there is a compactification satisfying all three properties: the 
reductive Borel-Serre compactification X (defined for all X, Hermitian or not). In the 
Hermitian case, it may be thought of as a (non algebraic) partial resolution of singularities 
of the Baily-Borel compactification. The reductive Borel-Serre compactification satisfies 
property (2) because it is functorial with respect to morphisms of locally symmetric spaces. 
So in the diagram (ci, C2) : C =^ X, the space C is the reductive Borel-Serre compactification 
of C. It satisfies property (1) because of the existence of weighted cohomology described 
below, and it satisfies property (3) because its singularities may be explicitly constructed 
from certain nilmanifolds (see §1.3.3). 

1.1.5. Weighted Cohomology. The Lefschetz fixed point formula of this paper is for the 
weighted cohomology groups iy^if*(X,E) where X is any locally symmetric space and E is 
a local system over it. These were introduced in |GHM|. The weighted cohomology is the 



cohomology of a complex of sheaves W''C*(E). Therefore it satisfies property (1) mentioned 
above. 

The weighted cohomology groups W"W{X, E) depend on an auxiliary parameter v called 
a weight profile. When X has finite dimensional cohomology, then W^H^lX, E) = 
H1^2-j{X,'E) provided the weight profile u is chosen to be the "middle weight" ( | ]GH1V1| | , ||N|] ) , 
so our formula includes the case. Another weight profile gives the ordinary cohomology of 
X. A. Nair p| has shown that for any weight profile, the weighted cohomology W^H^{X, E) 
is equal to J. Franke's "weighted cohomology" for a particular weight function. For a 



leisurely account of the properties of weighted cohomology, see the introduction to [pHM 



1.1.6. The Lefschetz formula. Even on a compact space with tractable singularities, the 
fixed point contribution L{F) is usually too difficult to compute. The second miracle is 
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that on the reductive Borel-Serre compactification X, each correspondence is hyperbolic. A 
formula for the contributions L{F) for hyperbohc correspondences was developed in ||GM2| 
expressly for the application in this paper to Hecke correspondences. 

The rest of the introduction proceeds as follows. The next section enumerates the fixed 
point components and determines their topology. Section |L3| describes the local contribution 
from each fixed point component, and § |1.4| adds them up to give the Lefschetz number L{C). 



1.2. The structure of a correspondence on X. The theory of correspondences on X 
is very self-referential. The reductive Borel-Serre compactification X is a stratified space 
whose strata are themselves locally symmetric spaces. The closure of such a stratum is its 
reductive Borel-Serre compactification. The fixed point components of a correspondence on 
X are (almost) locally symmetric. A correspondence restricted to a stratum of X is itself a 
correspondence. 



1.2.1. Notations concerning algebraic groups. In order to be precise, we need the language of 
algebraic groups. We use boldface symbols for linear algebraic groups, and Roman symbols 
for their Lie group of real points, for example, G = G(M). 



Obtaining X from G. Throughout this paper we fix a reductive linear algebraic group G 
defined over the rational numbers Q. The symmetric space D for G is defined to be G/ SqK. 
Here K isa. maximal compact subgroup of G and Sg is the greatest Q-split torus in the center 
of G. The group G acts on D by Riemannian automorphisms. Let X = r\D = r\G/ SqK, 
where F C G(Q) C G is assumed to be a neat arithmetic subgroup. (This is the arithmeticity 
assumption on the locally symmetric space X of § |1 . 1 . 1| . By results of Margulis, in most cases 
the arithmeticity assumption is automatically satisfied.) (The space D may have Euclidean 
factors because G may have a part of its center that is split over M but not over Q. After 
dividing by F, these Euclidean factors will become wound into tori.) 



Rational parabolic subgroups P of G. If P is a rational parabolic subgroup, let Lp be its 
Levi quotient; let i/p : P — Lp be the projection; let Up be the unipotent radical; let 
Sp C Lp be the maximal Q-split torus in the center of Lp; and let Ap be the set of simple 
roots occuring in DTp = Lie (Up). Let Kp = K n Lp he the maximal compact subgroup of 
Lp which corresponds to i^; set Fp = F fl P; and F^ = i/p(Fp). 



1.2.2. The reductive Borel-Serre compactification X . (§ |2.1CI| ) The strata of X are indexed 
by F-congugacy classes of rational parabolic subgroups P of G. The stratum Xp C X 
corresponding to the conjugacy class containing a parabolic P is the locally symmetric 
space rL\Dp, where Dp = Lp/SpKp is the symmetric space of the Levi Lp. If P C P' 
then the stratum Xp is contained in the closure of Xp/. 
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1.2.3. Hecke correspondences. Let g G G(Q). Let F' C F fl g~^Tg be a subgroup of finite 
index. This data determines a correspondence (ci,C2) : Cff/jF'] =^ X as follows. Let 
C[g, F'] = T'\D. The mapping ci is obtained by factoring the projection di : D ^ V\D = X 
through C[5f,F'] which may be done since F' C F. The mapping C2 is obtained by factoring 
the projection d2 : D ^ V\D through C[g, F'], where d2{x) = di{gx). Such a factoring exists 
because F' C g~^Vg. 

It is a fact (cf. Proposition |6]^) that every correspondence may be obtained in this way. 
For the maximal choice F' = F fl g'^Tg, the resulting correspondence is called a Hecke 
correspondence and is denoted C[g] ^ X. Up to isomorphism, this correspondence depends 
only on the double coset TgT G F\G(Q)/F (cf. Lemma |6^ ) . 

The correspondence C[g, F'] =^ X is a covering of the correspondence C[g] =^ X of degree 
d = [F : F']. The action of C[g, F'] on weighted cohomology is simply d times the action of 
C[g]. So, without loss of generality, we will concentrate on computing the Lefschetz number 
of the Hecke correspondence C[g] for a fixed double coset TgT G F\G( 



1.2.4. The correspondence on a stratum of X . Each Hecke correspondence C[g] =^ X has a 
unique continuous extension to the reductive Borel-Serre compactification C[g] ^ X. Every 
boundary stratum Cq of C[g] will be a correspondence taking a boundary stratum of X to 
another one. Since we are interested in fixed points, we want to classify those Cq which 
take a stratum Xp C X to itself. There is one of these for every double coset TpgiTp in 
the intersection P fl TgT (cf. Proposition [7.3| ). It is isomorphic to a correspondence of the 
form C[gi,T'j^] as described above, but with G replaced by Lp. (Here (ji = vpi^gi) G Lp and 
T'^ = up{Tpngr^Tg.^(ZLp.) 

1.2.5. Fixed point components. The fixed point set (sometimes called the coincidence set) 
of a correspondence (ci, C2) : C =^ X is by definition the set of points in C on which the two 
maps Ci and C2 agree. 

The fixed point set of the correspondence C[(y', F'] ^ X (before compactification) breaks up 
into constituent pieces F{e) indexed by F conjugacy classes of elliptic (modulo So) elements 
e G F^fF (§|8^). The piece F{e) corresponding to the conjugacy class containing e is the space 
T'^\Ge/K, where Ge is the centralizer of e in G, F^^ = F' n Ge, and K'^ = Gen {z{SgK)z-^) 
where zAqK E D = G/AqK is a fixed point of the action of e on D. (Such a point exists 
since e is elliptic) (§ p.4|) . The constituent F{e) is a finite union of spaces, each of which is 
almost a locally symmetric spaces for the group G^- (It have infinite volume because it may 
have Euclidean factors that are not wound into tori.) 

Applying this result to the boundary stratum Xp, in conjunction with the calculation 
(§ |1.2.4| ) of the part of the correspondence G[g] which preserves Xp, we get a group theoretic 
enumeration of all the fixed points of C\g] which lie over points in Xp : For each choice 
of a double coset Fp^fjFp C F^fF fl P, and for each conjugacy class of elliptic (modulo Sp) 
elements e in TigiTi, there is a fixed point constituent Fp{e). (It is a smooth submanifold 
of the stratum Cq of C[g] which is determined by the double coset TpgiTp as in §1.2.4[ ) 
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Summing over T conjugacy classes of rational parabolics P gives the complete enumeration 
of fixed points C[g]. 



1.2.6. The topology of the fixed point set. There are finitely many constituents Fp{e) of the 
fixed point set and they are disjoint. Unfortunately however they may not be topologically 
isolated from each other. If Xp/ C Xp, then the closure of -Fp(e) can contain points in some 
Fpi{e'). So a single connected component of the fixed point set may have a very complicated 
structure. This phenomenon is the main source of technical difficulty of this paper. (The only 
real limit we have found on the possible complexity of a connected component of the fixed 
point set is Proposition |10.4| .) We get around this problem by composing the correspondence 



with a mapping, very close to the identity, which shrinks a neighborhood of the singularity 
set X — X into the singularity set, and which does something similar on the closure of each 
stratum of X. This has the effect of "truncating" each connected component of the fixed 
point set into pieces each of which is contained in a single stratum of X (a process which 
may be considered as a sort of topological analog to Arthur's truncation procedure). The 
Lefschetz number of this "modified" Hecke correspondence is equal to that of the original 
one. We prove that the modified Hecke correspondence is hyperbolic. The resulting formula 
(Theorem |1.4| ) would be the same if no truncation were used, however the proof would be 
even more technical. 

1.3. Calculating the local contribution L{F). 

1.3.1. Weighted cohomology. Let E he a finite dimensional representation of G, and let 
E be the associated local system over X. Denote by Pq a fixed minimal ("standard") 
rational parabolic subgroup of G and by So a maximal Q-split torus in the center of its 
Levi factor. Then Sg C Sq. A weight profile z/ G Xq(So) (§ |12.2| ) is a (quasi-)character of 
So whose restriction to Sg coincides with the character by which Sg acts on E. The Hecke 
correspondence C[g] =^ X has a canonical lift (§ |13.1|) to the weighted cohomology sheaf 
W^C*(E), so it induces a homomorphism on weighted cohomology whose Lefschetz number 

L{C[g]) = 5^(-l)^Tr(C[^7]; WH^X; E)) (1.3.1) 

i>0 

is what we want to compute. 

1.3.2. Hyperbolicity of the correspondence. Let us assume for the moment that the fixed 
point set is topologically the disjoint union of the constituent pieces -Fp(e). This is not 
always the case, but the formula we obtain is nevertheless always valid, as explained in 



We focus on a single stratum Xp which is preserved by the correspondence, and on a single 
stratum of the correspondence C corresponding to a single double coset TpgiTp C Pfir^fF. 
Within this stratum, we focus on a single constituent Fp{e) of the fixed point set. Each 
stratum Xq which contains Xp in its closure correspondence to a rational parabolic subgroup 
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Q containing P, and therefore to a unique subset I C Ap. The empty subset corresponds 
to Xp itself and the largest subset Ap C Ap corresponds to X. Let Oe be the projection of 
e to the identity component Ap of Sp(]R). The elements of Ap are rational characters of Sp 
so we may define 

^pi*^) = {a e Ap\a{ae) < 1}. 

Let Xq be the stratum containing Xp which corresponds to the subset Ap(e) C Ap. The 
correspondence C[g] is hyperbolic near Fp{e) |11.7| , with "expanding" (or "unstable") set Xq 
(Theorem |11.9| , § |13.9|) . In other words, near Fp{e) the Hecke correspondence is "expanding" 
in those directions normal to Xp which point into Xq. 

Let F' = ci(Fp(e)) = C2(-Fp(e)) C Xp and let be the centralizer of e in Lp. There are 
diffeomorphisms (Proposition |8.4| ), 

Fp(e) = K\LJK'^ and F' ^ T,\LJK'^ 

where K'^ = L^, ^ z{KpAp)z~^ (for appropriately chosen z G Lp), = H T^, and 
Fg = Le n T'l^. The projection Fp(e) — F' is a covering of degree d = [Tg : Fg] (cf §8.(j|). 

It follows from the Lefschetz fixed point theorem of [pM2|] that the local contribution is 
given by 

L(Fp(e)) = Xc{F') $^(-l)^Tr (C^* : KiA') ^ H^iA')) 

i>0 



(See Theorem |T33). Here A' = h-fWC*{E) where h is the inclusion F' ^ Xp ^ Xq 
and j is the inclusion Xq ^ X; if*(A') denotes its stalk cohomology at x G F'; and Xc 
denotes the Euler characteristic with compact supports. See the introduction to | |G1V12[ | for 
a geometric account of hyperbolic correspondences. 

1.3.3. The stalk cohomology. Let c denote the codimension of F' in Xp and let O be the top 
exterior power of the normal bundle of F' in Xp. Let r denote the index [Fp fl Wp : VpHUp] 
where Fp = Fp fl g^^Tpgi. 

The stalk cohomology of the sheaf A* at a fixed point x & F' C Xp is given by ( |13.9.4|) 
and Proposition |12.8| : 

^:(A-) = e V^,.^.[-l{w) - |A+(e)| -c]® a- 



w{\b+Pb)-Pb ' 



The Hecke correspondence C[g] acts on the first factor by rd times the action of e ^ and it 
acts on the second factor by (—1)'^, cf. ( |13.9.5| ). We now describe the other symbols in this 



formula. 

Let T be a maximal torus (over C) in G, and let B be a Borel subgroup (over C) of G 
containing T. These may be chosen as in § |12.7 so that So(C) C T(C) and so that B C Pq- 



Let Wg = Vr(G(C), T(C)) denote the Weyl group of G. The choice of B determines positive 
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roots $^ = $+(G(C), T(C)), and a length function I on Wq- Let W}> C Wq denote the set 
of Kostant representatives: the unique elements of minimal length from each of the cosets 
Wpx e Wp\Wg, where Wp = W(Lp{C), T(C)), (§|T2:7D. The last sum is over those v e W}. 
such that the set 

Iu{w) = {a e Ap\ {{w{Xb + Pb) - Pb -i^, to) < 0} 

coincides with the set Ap(e) defined above (after conjugating P so as to contain B). Here, 
as in §12/7, denotes the highest weight of the representation E, and {t^} form the basis 
of the cocharacter group X?(Sp/Sg) which is dual to the basis Ap of the simple roots. Also, 
Pb denotes the half-sum of the positive roots The product {{v{Xb + Pb) — Pb — ^^ta) 
makes sense: the restriction {v{Xb + Pb) — Pb — i^)|Sp is trivial on Sg and hence defines 
an element of X*(Sp) ® Q which can then be paired with tc,. For any B-dominant weight f3, 
the symbol Vp denotes the irreducible Lp-module with highest weight /? G x*(T(C)) and 
Vgl—m] means that the module Vg is placed in degree 



m. 



The geometry behind this formula is roughly this: Consider the intersection of a small 
neighborhood of x in X with the largest stratum X. This intersection will deformation 
retract to the nilmanifold {rr\Up)\Up. The cohomology of this intersection with coefficients 
in E coincides with the Dip cohomology by Van Est's theorm, which is computed by Kostant's 
theorem to be ©^^gw-i Kf'(AB+PB)-pfl [-^(«^)]- The cut-off (/^(w) = A^(e)) and the degree 



shift (by £{w) + \Ap{e)\) come from the computation of h'j*WC*{E) in §0. The integer r is 
the ramification index: the degree of the mapping ci when it is restricted to this nilmanifold 

By adding the contributions L{Fp{e)) over all the fixed point constituents Fp(e) we arrive 
at the main result in this paper. 

1.4. Theorem. Let g G G(Q). Let C[g] ^ X he the resulting Hecke correspondence. Fix a 
weight profile v G Xq(So)- Lhe Lefschetz number L{C[g]) ( \1.3. 1\ ) is given by 

E E E rx.{K\LJK){-iy^»\ E (-l)'^"^rr(e-i;\/4^^^^)_^J 

{P} i {e} wGH/l 

I,{w)=A+{e) 

The first sum is over a choice of representative P, one from each F-conjugacy class of rational 
parabolic subgroups of G. For such a P, set F5fFnP(Q) = Fp^fjFp (where Fp = FnP(Q) 
and where gi G P(Q). The second sum is over these finitely many double cosets. Set 
(ji = vpi^gi) G Lp and = z/p(Fp). The third sum is over a choice of representatives e, one 
from each F^^-conjugacy class of elliptic (modulo Sp) elements e G F^f^jFi. The rest of the 
notations are explained above. 



1.5. Adelic formulation. One of the main goals of the series of papers ||GM1||, ||GM2 



||GHM|| , | GKM , and the present paper is Theorem 7.14.B (p. 535) of | GKM |, an expression 



for the Lefschetz number L{C[g]) in the adelic setting. If the weight profile u is the "middle" 



weight (and if the rank of G equals the rank of K) then the weighted cohomology coincides 
with the cohomology, and this formula coincides with Arthur's formula ||Arl|| (Theorem 
6.1). If the weight profile v = —oo then the weighted cohomology coincides with the ordinary 
"full cohomology" H*{X,E) and this formula coincides with Franke's formula (thm. 21 
p. 273). The paper ||GK1VI| | uses the above Theorem p..4| as its starting point, then modifies 
it using three main steps. 

(1) The quantity rXc(Xe\Le/ K'J which appears in Theorem |L^, and the sum J2i over 
double cosets TpgiTp C TgT D P (which preceeds it) are replaced by an orbital integral. 

(2) If Lp/Ap does not contain a compact maximal torus, then the stratum Cp makes no 
contribution to Arthur's formula or to Franke's formula. The same holds for the general 



formula in Theorem 7.14.B of [GKM|. However fixed points in such a stratum may make 
a nonzero contribution to the formula in Theorem p..4| above. In ||GKM|| §7.14 the method 



of descent is used to re-attribute such a contribution to smaller strata Cq for which Lq/Aq 
does admit a compact maximal torus. See also § p.5.7| of this paper. 



(3) Theorem |1.4| above involves a sum over parabolic subgroups, while Theorem 7.14.B of 
||GKM|| involves a sum over Levi subgroups. This is achieved in [pKMf (p. 529) by grouping 
together the contributions from those parabolic subgroups with a given Levi factor. (This has 
the remarkable effect of grouping together fixed points with different contracting-expanding 
behavior.) In ||GKM|| it is shown that the resulting contribution from a single Levi subgroup 
may be interpreted in terms of the (Harish-Chandra) character of a certain admissible rep- 
resentation. In the case of the middle weight, this fact gives rise to a combinatorial formula 
for the stable discrete series characters, which is the second main result of ||GKM|| . (Al- 
though this discrete series character formula was discovered by comparing Arthur's formula 
to Theorem |1.4| , the statement and proof of the character formula in ||GKlVi|| is independent 
of the part of the paper dealing with Lefschetz numbers.) 

1.6. Related literature. Besides the articles listed above, and an extensive literature on 
the co-compact case, we mention several other closely related papers. The Lefschetz formula 
in the rank one case was studied by Moscovici |[Mo|| and Barbasch-Moscovici [ [BaM|| , also by 
Bewersdorff ||Be|| and Rapoport |0. In M. Stern gave a general Lefschetz formula for 
Hecke correspondences. We do not easily see how to compare his formula with ours. In JS^ 
S. Shokranian, following the outline in ||GKM|| , describes a formula for the Lefschetz numbers 
of Hecke operators on twisted groups. We wish to draw attention to Langlands' article |E| , 
in which the expanding and contracting nature of the fixed points on the boundary was first 
isolated (see especially Proposition 7.12 p. 485). 
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P, ^(Aq), complementary decomposition, orthogonal decomposition, (|2.5| ): boundary 
component, boundary stratum, ep, Yp, Dp, Xp, ji, Fp, canonical cross section, (|2.6| ): 
M^, (H^): a'p, A'p{> 1), A'p{> 1), D, D{P), X, ([2A0|) : vrp, geodesic projection, D, 
/i, D[P], X, r 

§0 ( |3.1j ): a, P, F— parabohc, ( |3.2| ): root function, f^, np 

§1 Vi, h, parameter, B, tiling^^, d^'D^ D%, (O): T(Pq), dT(pQ), r^, partial 

distance function, (|^): X^, T{Xp), dT{Xp), (U): R, retraction, W, exhaustion, 

Rq, Wq 

§1 (^): D{Q}, p, Sh{Q,t), Shait), (M)-_Sm 

§1 (113): morphism, Mor(X',X), (U): /, /, (|JD: correspondence, T[g], C[g], (|6A|): 
narrow 

§0 (|7.1J ): parabohc correspondence, Fp[?/], modeled, ( |7.3|) : E 
§11 (|8.2| ): fixed point, characteristic element, e, Fp{e), elliptic, Le 
§1 O: A+, Ap, A?,, (^): neutral, P ^ Q, (Q: Pt 
§|n| (imi) : E, dE, (|TT7r|) : hyperbohc 

§0 (112^1) : t^, XQ(Sp)r.„jj, Xq(Sp)>.p(j), (|2^: E, u, weight profile, W-C'(E), (H^) : 



Ox/Y, i^m- Ny, Cy, 6, >^-\ >j, (^): $+, pB, Wg, Wp, W},, K/, Ap, I^iw) 
(|T33): A-, (113:^) : Xc ( TO : r, (^M : Np, (^): C-{Np,E), C'{^p,E), 

^inv(Wp, E) 
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2. Notation and Terminology 



2.1. Locally symmetric spaces. Linear algebraic groups will be represented by boldface 
symbols (e.g., G, S) and their real points will be in Roman type (e.g., G = G(M), S = S(M)). 
Throughout this paper we fix a connected reductive linear algebraic group G defined over 
Q. Denote by Sg the greatest Q-split torus in the center of G, and let Ac = Sg(IR)° denote 
the identity component of the group of real points of Sq- Following |Bij|| §1.1 let 



°G = f|ker(x') 

X 

be the intersection of the kernels of the squares of all the rationally defined characters 
X : G — > GLi. Then ^G is normal in G; it contains every compact subgroup and every 
arithmetic subgroup of G, and G = Aq x ^G. Let K C G(M) be a maximal compact 
subgroup and define D = G/KAq. We refer to D as the "symmetric space" associated to G. 
The derived group G*-"*"^ is semisimple and K^^^ = G*-^-* fl i^' is a maximal compact subgroup. 
The space D is diffeomorphic to the Cartesian product of the Riemannian symmetric space 
D^^^ = G^^^ / K^^^ with Aq/Ag where Aq is the identity component of the greatest M-split 
torus in the center of G. Both G(M) and ^G act transitively on D, an action which we 
usually denote by {g, x) i-^ gx or g.x but occasionally it will be necessary to refer to this 
action as a mapping, in which case we write 

Tg-.D^D (2.1.1) 

for g ^ G. (For most geometric questions involving the symmetric space D, one could replace 
G by however there are Hecke correspondences for G which do not necessarily come from 
^G.) For each x G -D the stabilizer K{x) of x in °G is a maximal compact subgroup of ^G 
so we obtain a G-equivariant diffeomorphism 

V'x : G/AgK{x) D. 

The choice of i^' C G corresponds to a "standard" basepoint xq G D. We write K = K{xo) 
and K' = AgK{xo). An element x G G is elliptic mod Aq (often shortened to "elliptic") if 
it is G(]R)-conjuate to an element of K' . There is a unique "algebraic" Cartan involution 
6 = '■ G ^ G whose fixed point set is K. If xi G -D is another basepoint with xi = gxQ 
then the Cartan involution for the new basepoint is given by 

O.AV) = 9dx,{9'h9)9^' (2.1.2) 

and the composition 'ip^^ipxo '■ G / AgK{xq) G / AgK{xi) is given by 

yAcK^xo) ^ yg-'AcKix^). (2.1.3) 

Let = 6 © p be the ±1 eigenspace decomposition of 6 in Lie(G). The Cartan involution 6 
preserves "G and determines a decomposition of its Lie algebra, °g = fi©°p. Then °p may be 
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canonically identified with the tangent space T^qD. Any choice of i^'-invariant inner product 
on °p induces a G-invariant Riemannian metric on X. 

Throughout this paper we also fix an arithmetic subgroup F C G(Q) and denote by 
T : D ^ X = r\D the projection to the locally symmetric space X. 

2.2. Parabolic subgroups. Fix a rationally defined parabolic subgroup P C G. We have 
the following groups: 

1. Up = the unipotent radical of P; DTp = Lie(Up) its Lie algebra 

2. R^P = the Q split radical of P 

3. Lp = the Levi quotient; i/p : P — Lp the projection 

4. Mp = OLp = n^kerix^) 

5. Sp = RdP/Hp 

6. Ap = Sp(]R)° the identity component of the set of real points 

7. Fp = F n P, Fi = Fi(p) = z/(Fp) C Mp 

8. Kp = Kn P, Kl = Kl(p) = yp{Kp) c Mp, K'p = K' f] P = KpAc 

The torus Sp may also be identified as the greatest Q-split torus in the center of Lp. It 
contains Sg and we denote the quotient by Sp = Sp/Sg, with corresponding identity 
component A'p = Sp(]R)° = Ap/Ac- We identify A'p with the subgroup Ap fl to obtain 
a canonical decomposition Ap = A'p Ac ■ 

The group of real points of the Levi quotient is the direct product, Lp = Mp x Ap. For 
any x E P write z/p(a;) = i'm{x)i'a{x) for its Mp and its Ap components and write z/^'(x) for 
the further projection of r^Aix) to the quotient A'p = Ap/Aq. The group P acts transitively 
on D with isotropy K'p = AqKp = Stabp(a;o). 

The choice of standard basepoint xq E D with associated Cartan involution ^ : G — >■ G 
determines a unique 6*— stable lifting [BS] §1.9 i = ix^ : Lp ^ P. Denote the image by 
Lp{xo) = i{Lp). We obtain liftings of subgroups, Ap{xo) = i{Ap) and Mp{xo) = i{Mp). 
Thus the choice xq E D of basepoint determines a canonical Langlands ' decomposition 

P = UpAp{xo)Mp{xo) (2.2.1) 

and we write 

g = UgagUig (2.2.2) 

where Ug = givp{g^^), ag = iuAio), and nig = ivm^q) for any g E P. The groups Kp C P 
and Kl(p) = vp{Kp) are canonically isomorphic, in fact, 

Kp = i{KLiP)) C Mp(xo) C Lp(xo). (2.2.3) 

By abuse of notation we will usually write Kp C Lp. If xi G -D is another basepoint with 
associated Cartan involution : G ^ G then, by ( [2. 1.21 ), the associated 6*3;^— stable lifting 
i^^ : Lp ^ P is given by 

txAy) = 9^iy)9'' (2.2.4) 
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where g E P is any element such that g ■ xq = xi E D. The geodesic action of Borel and 
Serre ||BS|| §3 is the right action of on D which is given by 



izK' 



zi{a)Kp eD = P/K'p 



(2.2.5) 



for any a E Ap and z E P. It is well defined since i{Ap) commutes with Kp, and it passes 
to an action of A'p = Ap/Ac- The geodesic action commutes with the (left) action of P, and 
it is independent of the choice of basepoint, by (|2.1.3| ). It is not an action by isometrics. 
For g = u gaging G P as in (|2.2.2|) , the element ag E Ap is called the torus factor of g. We 



will often use without mention the following fact: if 7 



e r n P then a^ = 1. 



2.3. Roots. Fix once and for all a minimal rational parabolic subgroup Pq C G. The 
parabohc subgroups P ^ Po are called standard. Let So = '^(Spq) be the lift of Sp^. Let 
$ = Q$(So,g) denote the rational relative roots of q with respect to Sq. The unipotent 
radical determines a linear order on the root system (q$ such that the positive roots 
are those occurring in DIq = Lie(WpQ). Let A denote the resulting collection of simple roots. 
Each subset / C A corresponds to a unique standard parabohc subgroup Po(-^) ^ Po 



4, [[Bo3| §14.17, §21.11) such that Spo(/) C ker(a) for all a El. 



Suppose P C G is any rational parabolic subgroup. Then P is G(Q)-conjugate to a unique 
standard parabolic subgroup Po(-^)- Any choice of conjugating element P = gPo{I)g~^ 
gives rise to the same (canonical) isomorphism Sp = Spo(/). The elements of A — / give 
rise, (by conjugation and restriction to Sp) to the set Ap of simple roots of Sp occurring 
in DTp. The roots a G Ap are trivial on Sg and form a basis for the character module 
Xq(Sp) = x*(Sp/Sg) ®zQ- Rather than follow the common practice of identifying Ap with 
A — / we will, for any a G Ap denote by ao ^ A the unique simple root which agrees with 
a after conjugation and restriction to Sp. 

2.4. Two parabolic subgroups. If P C Q are rational parabolic subgroups then P = 
i/q(P) is a rational parabolic subgroup of Lq, with unipotent radical U-p = Up/Uq. The 
6'-stable lifts of the Levi quotients satisfy Lp{xo) C Lq{xo) and we have a diagram 

Uq C Up C P C Q 



1 C Up/Uq E P E Lc 



1 C 



C L; 



with z/QZ/p = Pp. The inclusion P^Q C P^P induces an injection Sg Sp which agrees 
with the inclusion Sp{xq) D Sq{xq). It follows from (|2.4.4|) below that the geodesic action 
of A'q on D agrees with the restriction (to A'q C A'p) of the geodesic action of A'p on D (cf. 
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BS| prop. 3.11). Each a G Aq is the restriction to Sq of a unique simple root i{a) G Ap. 



The association i : Aq ^ Ap is injective, so Ap is the disjoint union 

Ap = ^(Aq) n J with Sq = (pl ker(a))°. (2.4.1) 

Among rational parabolic subgroups containing P, the group Q is determined by the set J, 
and we will write Q = P(J). The subset J C Ap of simple roots may be identified with the 

set 

J = Ap (2.4.2) 

of simple roots Ap of Sp = Sp/Sq occurring in 9Tp = Lie(Wp). 

A certain amount of confusion arises from the fact that Aq has two natural complements in 
A!p. One is the identity component A!q, of the group of real points of the torus Sq/ = Sq//Sg 
where 



5q. = ( fl ker(a))°cSp. 



Then Sq' is the (identity component of) the center of the Levi quotient of the largest par- 
abolic subgroup Q' D P such that Q fl Q' = P, which refer to as the parabolic subgroup 
containing P which is complementary to Q. We therefore refer to the complementary de- 
composition A'p = A'qA'q,. The other complement is 

A'l{xo)=A'pnMQ{xo) 

whose Lie algebra Op is the orthogonal complement to a'g in a'p with respect to any Weyl- 
invariant inner product on a'p. We will usually identify the quotient Ap/Aq = A'p/A'g with 
this second complement, Ap, and we will refer to the orthogonal decompositions A'p = A'qA'^ 
and Ap = AqA^. 

The canonical Langlands decompositions of P and Q are related as follows: Set Wp(xo) = 
i^,{Up/UQ). Note that Mp{xo) C Mq(xo) and Aq = A'qAq. If 

P = Up[A'1{xo)Ag]Mp{xo) (2.4.3) 

is the canonical Langlands decomposition of P, then 

P = [UqUp{xo)][Aq{xo)A'^{xo)]Mp{xo) (2.4.4) 
= l(QAQ{xo)[l(p{xo)A'lixo)Mpixo)]. (2.4.5) 

The first is the canonical Langlands decomposition of P while the second is the decomposi- 
tion of P which is induced from the canonical Langlands decomposition of Q. 
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2.5. Boundary strata. Fix a rational parabolic subgroup P C G. Define 

1. the Borel-Serre boundary component ep = D/A'p (quotient under geodesic action) 

2. the Borel-Serre boundary stratum Yp = rp\ep 

3. the reductive Borel-Serre boundary component 

Dp = Up\ep = P/KpApUp = Lp/KpAp = Mp/KpAc 

4. the reductive Borel-Serre boundary stratum Xp = Tp\Dp = Tl(^p^\Dp. 

The projection up : P —* Lp induces a projection fi : ep ^ Dp which passes to a projection 
/i : Yp — > Xp. Writing Yp = V p\P / KpAp and Xp = Tl(^p^\Lp/ KpAc, the mapping is 
just fi(TpxKpAp) = TL(^p^h'{x)KpAc- 

As in HBo4| | §4.2, the Langlands' decomposition ( p2.2.1| ) determines a (basepoint-dependent) 
diffeomorphism, 



by 



F = Fp : Up X A'p X Dp ^ D = P/K'p (2.5.1) 



F{u, a, uiKl) = ui{a)i{m)Kp (2.5.2) 



where u G Up, a G A'p, and m G Mp. With respect to the coordinates defined by the 
diffeomorphism F, the mapping /i is the projection to the third factor. The (left) action of 
g P and the (right) geodesic action of 6 G A'p on D are given by 

g.{u, a, mKi) ■ b = {guiu{g~^), UA{g)-ab, iJM{g)-mKL) (2.5.3) 

(where u G Up, a,h E A'p, and m G Mp), as may be seen by applying the function F to 
both sides of this equation. For any fixed h G A'p the set F{Up x {&} x Dp) C -D is called a 
canonical cross section; it is a single orbit of the group 

°P = f|ker(x')=WpMp, 

X 

the intersection being taken over all rationally defined characters x ^ P ^ GLi. The puUback 
by F of the canonical Riemannian metric on D is given ( [[Bo4|| §4.3) by the orthogonal sum. 



F*{ds^) = a-'^^hp{z) © da^ ® dsl^ (2.5.4) 

where ds\[ is the canonical Riemannian metric on Dp as determined by the Killing form for 
Mp, where $ denotes the set of roots of Up with respect to Ap, and hp{z) is a smoothly 
varying metric on the root space xxp. 
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2.6. The flat connection. ( ||GH]\/I|| §7.10) For any point x = gKp G D with g = uam 



decomposed according to ( p.2.1| ), define the submanifold 

= Fp{{u} X {a} X Dp) = u.i{a).i{Mp)Kp C D (2.6.1) 

2.7. Lemma. The manifold Aix is perpendicular to the fibers of the mapping vp : D ^ 
Dp. The restriction vp\M.x is an isometry. The suhmanifolds A4x form the horizontal 
submanifolds of a fiat connection on the fiber bundle fi : Cp Dp, which is independent of 
the choice of basepoint and is invariant under the action of Tp and which therefore passes 
to a flat connection on fi : Yp Xp. 

2.8. Proof. Perpendicularity follows from (|2.5.4|) . Also, by (|2.5.4|) , the mapping up is an 
isometry. Finally the fiat connection is Fp-invariant because by (|2.5.3|) the action of 7 G Fp 
on D is given by 

7 ■ {u, a, uiKl) = (7mz/(7~^), a, VM{l)-mKL) (2.8.1) 
which does not mix the factors. □ 



2.9. Borel-Serre compactiflcation. In this section we recall basic facts from [pS|| . Let 
P C G be a rational parabolic subgroup. The elements of Ap determine a canonical 
isomorphism ( ||BS|| §4.2) A'p = (0, 00)^^ which extends to a unique partial compactification, 



Xp ^ (0,00]^^ 

So each a G Ap extends to a homomorphism of semigroups a : A'p — » (0, 00]. Denote by 

A'p{> 1) = {a G A'p\ a{a) > 1 for all a G Ap} (2.9.1) 
A'p{> 1) = {a G A'p\ a{a) > 1 for all a G Ap} (2.9.2) 

and similarly for A'p{> 1) and Ap{> 1). The Borel-Serre partial compactification D of D is 
obtained by adjoining, for each rational parabolic subgroup P C G the rational boundary 
component cp = D /A'p as the set of limits of the A'p geodesic orbits in D, together with the 
Satake topology [^atj| §2 (p. 562), ||BS|| §7.1, |Z^] §3.7. It is covered by "corners"; the corner 
associated to P is 

D{P)=Dxa',^p= JJcq. (2.9.3) 

Q^P 

Then D{P) is an open P(Q)-invariant neighborhood (in D) of the boundary component ep, 
on which P(Q) acts in a continuous and component-preserving way. The diffeomorphism F 
of equation ( p.5.2|) extends to a diffeomorphism of manifolds with corners. 



F:UxApxDp = D{P) (2.9.4) 

16 



The action Tg : D ^ D of any g G G(Q) extends continuously to a mapping 



Tg-.D^D (2.9.5) 

which takes the neighborhood D{P) of ep isomorphically to the neighborhood D{^P) of 
Cgp (where = gPg~^). (The proof of this fact is recalled in § |6.3| , § |6.4 ) It follows that 



the Borel-Serre compactification X = r\D is a (compact) manifold with corners, stratified 
with one stratum Yp = Tp\ep for each F-conjugacy class of rational parabolic subgroups P. 
The real analytic structure on D extends to a semi-analytic structure on D and passes to a 
subanalytic structure on X. Denote hy f : D —>■ X the natural projection. 

2.10. Reductive Borel-Serre compactification. The reductive Borel-Serre partial com- 
pactification D of D was first described in §4.2 p. 190; see also ||GHM|| §8. It is the 



topological space obtained by collapsing each boundary component ep in D to its reductive 
quotient Dp, (§2.5|) together with the quotient topology. (See also §3.7.) The geodesic 
projection 

Tip-.D^Dp (2.10.1) 

is the composition D ep — > Dp. The closure Dp of Dp in D is the reductive Borel- 
Serre partial compactification of Dp. Let n : D ^ D denote the quotient mapping: it is 
continuous, its restriction to D is the identity, and its restriction to each boundary stratum 
agrees with the projection fi : Yp ^ Xp of §|2.5|. Define 



D[P]=fiiD{P))= U Dq (2.10.2) 

QDP 

to be the image of the corner associated to P: it is an open P(Q)-invariant neighborhood 
of Dp in D on which P(Q) acts in a component-preserving way. The action Tg : D ^ D 
( p. 9. 51 ) of any g G G(Q) passes to a mapping Tg : D ^ D which takes the neighborhood 
D[P] of Dp isomorphically to the neighborhood D[^P] of Dap. It follows that the reductive 
Borel-Serre compactification 

X = T\D. 

is a compact singular space, canonically stratified with one boundary stratum Xp = rp\Dp 
for each F-conjugacy class of rational parabolic subgroups P C G. The closure Xp of Xp in 
X is the reductive Borel-Serre compactification of Xp. There are |Ap| maximal boundary 
strata Xq such that Xq D Xp, each corresponding to a maximal (rational) parabolic 
subgroup Q = P(Ap — {a}) for a G Ap (cf. ^2.4|). Then Xp is the intersection 

Xp = HoXq (2.10.3) 

of these |Ap| maximal boundary strata. 
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It is not difficult to see ( Po3|| §11.7 (iii)) that if P and P' are G(Q)-conjugate but are 
not F-conjugate, then 



Xp f] X pi 



(2.10.4) 



The identity mapping X — > X extends uniquely to a continuous surjection /i : X — > X 
and the subanalytic structure on X passes to a subanalytic structure on X. Denote by 
r : D ^ X the projection. Define X(P) = f{D{P)) and X[P] = f{D[P]). The following 
diagram may be useful in helping to sort out these spaces, 



ep C D{P) C D 



Dp C D[P] C D 



X D X(P)D Yp 
X D X[P]D Xp 



(2.10.5) 



3. Parabolic neighborhoods and root functions 

As in §0, G denotes a connected linear reductive algebraic group defined over Q, D denotes 
the associated symmetric space, K' = AgK{xo) is the stabilizer in G of a fixed basepoint 
Xo G -D, r C G(Q) is an arithmetic group and X = r\D. Although the constructions in 
this section refer to the reductive Borel-Serre compactification X of X (and the reductive 
Borel-Serre partial compactification D of D), they may just as well be applied to the Borel- 
Serre compactification X (and the Borel-Serre partial compactification D of D). Rather 
than repeat each statement for both compactifications, we will present the RBS case only. 

3.1. Parabolic neighborhoods. Let P C G be a rational parabolic subgroup. Let a : 
D T'p\D and /3 : Tp\D T\D = X be the projections. We say that an open set ^ C -D 
is V -parabolic (with respect to P) if 

1. it is invariant under the geodesic action of the semigroup Ap{> 1) (|2.9.2| ) and 

2. if 7 G r and 7'!/ n 1/ ^ then 7 G L n P. 

Item (2) means that the covering (3 : Tp\D — ^ X is one to one on the set aiV) so it 
takes Oi{y) homeomorphically to its image fiV) C X. In this case we will also refer to 
(y.{V) C Tp\D (resp. f{V) C X) as V -parabolic o^ien sets. 

D ^ V ^ Dp 



Tp\D D a{V) D Tp\Dp 

X D f{V) D Xp 
18 



Every stratum Xp admits a fundamental system of F-parabolic neighborhoods. In sec- 
tion [4.1| we will review a theorem of Saper |[Sa|| (thm. 8.1) which states the stronger fact 
that the closure Xp of each stratum Xp C X admits a fundamental system of T -parabolic 
neighborhoods. 

3.2. Root functions. Let P C G be a rational parabolic subgroup. Each character a G 
Xq(Sp) determines a mapping 

/f : D ^ M>o (3.2.1) 

by f^{F{u,a,mKL)) = a{a) using ( p.5.2| ). The mapping f^ is independent of the choice of 
basepoint. For any g' = u'a'm' G P, any h' G Ap, and any 7 G F fl P we have 

f^{ig'x-h') = a{a'h')f^{x). (3.2.2) 

If a G Ap is a simple root, we say f^ is a root function. If 7 G F, P' = 7P7^-'^ and if 
a' G Ap/ is the root corresponding to a G Ap then, for ell x & D, 

fa'M = /f (x). (3.2.3) 

The root function f^:D^ (0, 00) extends to a continuous function D[P] — > (0, 00] (cf § |33| 
below) which passes to a function Fp\D[P] —>■ (0, 00] whose restriction to any F-parabolic 
neighborhood f/ C X of Xp we also denote by 

/f :f/^(0,oo] 



Similarly the geodesic projection up : D ^ Dp (cf ( |2.10.1| )) extends continuously to a 



projection D{P) Dp and passes to projections D[P] Dp and Fp\D[P] Tp\D 
whose restriction to any parabolic neighborhood U G X we denote by 

Tip-.U ^Xp (3.2.4) 

The following lemma is a straightforward consequence of the definitions. 

3.3. Lemma. Let U G X be a parabolic neighborhood of the stratum Xp. Let G U be 
a sequence of points and let y G Xp. The sequence converges to y in X if and only if 
the following hold, 

1. 7Tp{xn) ^ y in Xp and 

2. fai^n) 00 for all a G Ap. □ 

3.4. Suppose Q D P is another rational parabolic subgroup of G, corresponding, say, to 
a subset J G Ap with Sq C ker(a) for all a G J, so that Ap = ^(Aq) 11 J as in ( |2.4.1D . 



Let P = lyqiP) G Lq be the resulting parabolic subgroup of Lq. It acts transitively on the 
boundary component Dq. 
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Let X E D, say x = UQaQaGUpO^mpK'p is decomposed according to ( p.4.5|) with ag = 
a'qaG- Then t^q{x) = UpO^aGmpKp G P/Kp = Dq so the following equations hold: 

fP[x) = aia'ga'}) for all a E Ap (3.4.1) 
f^(x)=tiP){a'Q) forall/^GAg (3.4.2) 
flM^)) = faix) = Oi{af) for all « G J = Ap (3.4.3) 
since a{a'Q) = 1 for all a E J. From this we may conclude: 

3.5. Proposition. For alia E Ap, the root function extends continuously to a function 
f^ : D[P] ^ (0, oo] such that, for all x E D we have 

I oo for a E Ap — J. 

The boundary component Dq C D[P] is the set of x E D[P] such that: 

f^{x) = oo for all a G Ap - J ^ 
fai^) < °° a E J. 

3.6. Remarks. Of course similar statements apply to the root function fa '■ U (0, oo] 
for any parabolic neighborhood U G X oi Xp. We think of the "negative gradient" of the 
root functions f^ as pointing in the "normal directions" to Xp. For a E J, — grad f^ points 
from Xp "into" Xq. 





Xr 



Figure 1. Level curves of f^ for a E «(Aq) and a E J respectively. 



Zucker's vexatious point ( ||Z1|| §3.19) is that for P C Q and for (3 E Aq, the root functions 



f^ and /j^^j do not necessarily agree: see ( p.4.1| ) and ( |3.4.2D above. (In fact, they agree 



precisely when i{(3){a^) = 1, which is to say, when A'q, and A'q are orthogonal, where 

Q' D P is the parabolic subgroup complementary to Q.) The nature of the level sets of f^ 
are depicted in Figure ^ 
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Xq Xpl 

Figure 2. Level sets of 

This shortcoming will be circumvented by replacing the root function with Saper's 
partial distance function (associated to a tiling), which is patched together from the 
various relevant root functions; cf. ( [4.3.2| ). 

4. Tilings 

In this section we recall a construction of Saper [ pa[ |. An equivalent construction of 
Leuzinger ||Lel[| could be used instead. 



4.1. Tilings of D. As in G denotes a connected linear reductive algebraic group defined 
over Q, D denotes the associated symmetric space, K' = AgK{xo) is the stabilizer in G of a 
fixed basepoint xq E D, T C G(Q) is an arithmetic group and X = T\D. Let Vi denote the 
set of proper maxima/ rational parabolic subgroups of G. For each Q G Pi choose bg G A'q. 
The collection b = {bq} of such choices is called a parameter, the set of which we denote 
by B. The parameters are partially ordered with b < c iff q;q(6q) < aq^cq) for all Q G Vi, 
where Aq = {aq} is the simple root associated with the maximal parabolic subgroup Q. 
A choice b G i3 of parameter determines, for any rational parabolic subgroup P C G a 
unique element bp E A'p such that, for each rational maximal parabolic subgroup Q D P, 
the element bpbg^ lies in (cf § p.4|) . In other words, log(6Q) is the orthogonal projection 
of log(6p) G a'p with respect to any Weyl-invariant inner product on a'p. 

Recall from that a tiling with parameter b G B is a cover of the reductive Borel-Serre 
partial compactification 

D=Y[D^ (4.1.1) 

Per 

by disjoint sets (called tiles) such that 

1. The central tile D° = D'-^ is a closed, codimension submanifold with corners contained 
in D. Its closed boundary faces {d^D'^} are indexed by P G P with P C Q <^=^ 
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2. Each boundary face d^D^ is contained in the "cross section" F{Up x {hp} x Dp) where 
F is defined in (12X21) . 

3. Each tile = d^D^ ■ Ap{> 1) is obtained from d^D^ by flowing out under the 
geodesic action of the cone Ap{> 1) (cf ( |2.9.1| )) 

For any rational parabolic subgroup Q, the intersections {D^ CiDq} (over all rational par- 
abolic subgroups P C Q) form a tiling of the reductive Borel-Serre partial compactification 
Dq, whose central tile we denote by 

= D« n Dq. (4.1.2) 

Then the tile is given by 

D'^ = {xe D[Q] C D\ ngix) E and f2{x) > aibg) Va G Aq} (4.1.3) 

and 

9«Z}0 = {xeD\ Tigix) G and /^(a;) = a(6Q)V« G Aq}. (4.1.4) 

A tiling, if it exists, is uniquely determined by its parameter b G i3, in which case we 
say that the parameter is regular. The parameter b is T-invariant if, for all 7 G F, we have 
b^Q^-i = a^Q^-i{'jxo)bQ. The tiling {D'^} is T -invariant if ■jD^ = D'^^'^ for all 7 G F. A 
tiling is F-invariant if and only if its parameter b is F- invariant ( [^ Corollary 2.7). In ([Q 
Thm. 10.1) Saper proves the following. 

4.2. Theorem. // the tiling parameter h E B is chosen sufficiently large {with respect to 
the above partial ordering) and T-invariant, then there exists a unique tiling with parameter 
b G i3, and it is T-invariant. Moreover, for any Q G P the union 

TiDo) =Wd^ (4.2.1) 

PCQ 

is an open Tq-invariant parabolic neighborhood of Dq in D which may be made arbitrarily 
small by choosing the parameter b sufficiently large. 

Henceforth we shall refer to such a parameter as regular and sufficiently large. Denote the 
closure of T(Dq) by T(Dq), and the boundary by dT(DQ) = T(Dq) - T(Dq). Following 
fSaf Thm. 8.1 (ii), for each a G Aq, define the partial distance function : T{Dq) [0, 1) 
by 

^ UU^)-'^^^)ibp) for xgTp ^ • • ^ 

(where P C Q and where i : Aq ^ Ap is the inclusion ( ^.4.1 )). 

4.3. Lemma. The following statements hold. 

1. The mapping : T{Dq) [0, 1] is well-defined, continuous, and piecewise analytic. 
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2. For all a G Aq, the geodesic action by t E Aq{> 1) satisfies 

r^{x-t) = r^{x)a{ty^ (4.3.1) 

whenever x G T{Dq). 

3. Ifxe T(Dq) then 

X eDq r^ix) = for all a G Aq 

X G OTCDq) <^=^ r2{x) = 1 for some a G Aq. 

4. If^ETnQ then r^(7x) = r^(x). 

5. If 'y eT and Q' = 7Q7~"'^ and if a' G Aq/ is the simple root corresponding to a E Aq 
then 

6. // P C Q and if Ap = ^(Aq) U. J as in ( |^.^. j|) t/ien, /or a// a G Aq and for all 
X G T{Dp) C T{Dq) we have 

<.)(^) = ^?(^)- (4.3.2) 

4.4. Proof. As in § |2.4| , write = A'qA^ with Oq the orthogonal complement to in 
a'p. So the elements hp and 6q determined by the parameter b satisfy hp = hqh^ for some 
h^pEA%. Now suppose that x = UQagaGUpapmpK p G P/Kp = D is decomposed according 
to ( p.4.5|) . Set a'p = a'gQp G A'p. If x G d^D^ then by property (2), a'p = hp, that is, a'g = hq 
and ap = h'^. Flowing out under the geodesic action of A'q we see that x E Tp n Tq fl D 
implies that a^ = h'^. For such a point x and for each a E Aq, we have 

f!{a){x)~^K(^){bp) = i{a){aQa^p)-^i{a){hQh^p) 
= a{aQ%) = f^{x)-^a{hQ) 

which shows that both equations agree on their common domain of definition, proving (1). 

By continuity, it suffices to prove (2) for points x E T{Dq). The geodesic action by 
t E Aq{> 1) preserves the tiles in T{Dq) so (2) may be checked tile by tile. If x G then 
fQ(x ■ t) = fS{x)a{t) by ( |3X^ ). If x E for some P C Q, write Ap = ^(Aq) H J as in 
( p.4.1|) , note that Aq{> 1) C Ap{> 1) and compute, for a E Aq, 

■ t) = f\U{x)t{am = f!l^){x)a{t) 

which proves the second statement. Part (3) follows from ( p.2.2|) for points x E Tq and 
from ( |3.2.3|) for points x E Tp. Part (4) follows from Lemma ^]3| for points x E Tq and 
from ( p.5.1|) for points x E Tp. Part (5) follows from ( p.2.3|) and part (6) is an immediate 
consequence of the definition. □ 
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4.5. Tiling of X. Suppose b G S is a sufficiently large regular parameter and ( [4.1.1| ) is 
the associated F-invariant tiling. Let f : D ^ X denote the projection to the reductive 
Borel-Serre compactification oi X = T\D. If P, P' are rational parabolic subgroups of G 
then either f{D^) fl f{D^ ) = (p or else they coincide. Hence the collection of images 

form a decomposition of X whose "tiles" are indexed by the set of F-conjugacy classes of 
rational parabolic subgroups of G. Let Xp = X'-^ = f{Dp) be the "central tile." Denote by 

T(Xp) = f{T(Dp)) = II X« (4.5.1) 

{R}CP 

the resulting neighborhood of Xp in X, and by dT{Xp) = T{Xp) — T{Xp) its boundary. 
(Here, R runs through a set of representatives, one from each F-conjugacy class {R} of 
parabolic subgroups contained in P). For all a e Ap the functions pass to piecewise 
analytic functions on T{Xp), which we also denote by r^. 





4.6. Retraction and exhaustion. Saper proves ( ||Sa|| §6.1) that there exists a unqiue F- 
equivariant continuous and piecewise analytic "geodesic" retraction R : D which is 

the identity on such that, for all y G and for all t G Ap{> 1) the following holds: 

R{yt) = R{y). (4.6.1) 



Then R preserves tiles and it passes to a retraction which we also denote hj R : X X"; 
it has the same property (|4.6.1[ ). 
Define W -.X ^ [0,1] by 

[ 1 if X e X° 

^(^) = \ sup {1 - r^(x)} if X G X« 

We refer to W as an exhaustion function because 

W-\0) = X° and W-\l) =X-X. 

The function W is continuous (and piecewise analytic): If P C Q, write Ap = «(Aq) IIJ as 
in ( p.4.1| ). Let P = i^q{P) C Lq be the resulting parabolic subgroup of Lq; then A-p- = J. 

If a; G X n X then ttq{x) G Xq fl Xq so r^{x) = t^^tiq^x)) = 1 for all a G J as in 
Hence 

sup {1 - r^{x)} = sup {1 - r^{x)}. 

For each boundary stratum Xq the same constructions define a tile-preserving retraction 

Rq-.Xq-. X° (4.6.2) 

and an exhaustion function Wq : Xq [0, 1] with Wq^{0) = Xq and Wq^{1) = Xq - Xq. 

In fact, the stratum closure Xq is tiled by the collection of intersections Xq = Xq fl X^ 
for P C Q and 

[l ifa;GXO 
^Q(^) = 1sup{l-r^(x)} ifxGX^ (4.6.3) 



where Ap = ^(Aq) 11 J. 



4.7. Remarks. We risk a certain amount of confusion by having defined r^{x) so as to 
decrease as x ^ Xp whereas the root function f^{x) increases as x — Xp. Although 
Saper ||Sa|| actually constructs a tiling of the Borel-Serre compactification X the same 
approach gives a tiling of the reductive Borel-Serre compactification X. The collection 
{T{Xp),Tip,rp = TaaXa^^p{r^}} of tubular neighborhoods, tubular projections, and tubu- 
lar distance functions are very much like a "system of control data" ||Ma| , |GM3|| for the 
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stratified space X, but there are several important differences. The functions rp are con- 
tinuous and piecewise analytic but are not smooth. Whenever Q C P we have hqtip = ttq 
however we do not have rgvrp = rq. For this price we gain an especially strong form of 
"local triviality" for the stratification of X: the neighborhood T{Xp) is (homeomorphic to) 
a mapping cylinder neighborhood of the closure of the stratum Xp. In fact, it is possible to 
use the various geodesic actions to construct a (piecewise analytic) homeomorphism between 
T{Xp) and the (open) mapping cylinder of the projection np : dT{Xp) ^ Xp. (The open 
mapping cylinder of a mapping ir : A ^ B is the quotient {A x [0, 1) ]J-B)/ ~ under the 
relation (a, 0) ~ 7r(a).) Analogous statements for other Satake compactifications (such as 
the Baily-Borel compactification) are false. 



5. A Little Shrink 

5.1. As in G denotes a connected linear reductive algebraic group defined over Q, D 
denotes the associated symmetric space, K' = AgK{xo) is the stabilizer in G of a fixed 
basepoint xq G -D, F C G(Q) is an arithmetic group and X = r\D. In this section we 
construct a homeomorphism X —>■ X which moves a neighborhood of the boundary towards 
the boundary. When composed with a Hecke correspondence, this will have the effect of 
chopping the fixed point set into pieces, each of which is contained in a single stratum of 
X. The resulting behavior is much easier to analyze. This "shrink" homeomorphism may 
be considered to be a topological analog to Arthur's truncation procedure. 

5.2. Let Q G Pi be a standard proper maximal rational parabolic subgroup of G. Fix 
t G A'q{> 1) so a{t) > 1, where a G Aq is the unique simple root. The geodesic action of 
t on D extends continuously to the neighborhood D[Q] of Dq in the reductive Borel-Serre 
partial compactification D of D. This geodesic action even extends continuously to the 
neighborhood 

D{Q} = U ^[^] 

PCQ 

of the closure Dq (where the union is taken over all rational parabolic subgroups P C G 
which are contained in Q). For if P C Q then there is a canonical inclusion i : Aq Ap. 
The geodesic action of the image i(t) G Ap agrees with the geodesic action of t G Aq, so 
it also extends continuously to D[P]. We continue to denote this action hj x ^ x ■ t for 
X G D{Q}. 

Now fix a sufficiently large F-invariant regular parameter b G i3 with its resulting tiling 
( [4.1.1| ) and partial distance functions (|4.2.2| ) satisfying Lemma [4.3| . Let T{Dq) C D{Q} 



denote the neighborhood of Dq ( [4.2. 1| ) consisting of the union of all tiles which intersect 
Dq nontrivially, and let T{Dq) denote its closure. The geodesic action by t G Aq{> 1) 
preserves T{Dq) since a{t) > 1. 
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Fix once and for all a smooth non-increasing function p : [0, 1] [0, 1] with p(r) = 1 
r < i and with p(r) = ■^=?- r = 1. 

p(r) 



Figure 5. The function p 

Let : T{Dq) [0, 1) be the partial distance function (|4.2.2| ) which corresponds to the 
unique simple root a e Aq. For t e A'q{> 1) define Sh{Q,t) : T(Dq) T(Dq) by 

5/i(g,t)(x) =x-t''(''^("». (5.2.1) 

Then by (^^) and 

r^(^/i(Q,t)(a;)) = r^(x)a(t)-^('-" (5.2.2) 

fSiShiQ,t)ix)) = f2{x)a{tf^-'~^^^ (5.2.3) 

for all X G T(Dq). The quantity a(t)''(''" ^^^^^ is bounded between 1 and a{t). It equals 1 if 
and only if x G OT^Dq), that is, if and only if r^(x) = 1. 

If Q' is another maximal rational parabolic subgroup of G, let us write Q' ~ Q if Q' is 
G(Q) conjugate to Q. In this case, any choice g G G(Q) of conjugating element induces 
the same isomorphism Sq = Sq' so we obtain a corresponding t' G A'q, and a corresponding 

mapping Sh{Q',t') : T{Dqi) T{Dq). Patching these homeomorphisms together, define 
the shrink ShQ{t) : D —y D corresponding to conjugates of the standard parabolic subgroup 
Qby 



ish{Q',t': 

1 X 



X if X G T{Dqi) for some Q' ~ Q 
otherwise 



Then Shci(t) is well defined and continuous because T{Dqi) nT{DQ) 
(and Q' 7^ Q), cf.[^o3| §11.17 {m). Moreover, if 7 G F then 

ShQ(t){-fx) = -fShQ(t){x) 



whenever Q' ~ Q 



by Lemma |4.3| . So (dividing by F), the homeomorphism ShQ{t) passes to a homeomorphism 
which we denote in the same way, Shci{t) : X — ^ X. 
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5.3. Suppose P C Q is a rational parabolic subgroup of G; set Ap = «(Aq) 11 J as in 
( pXTl) . It follows from j ^XTj) that for a\\ (3 E J and for all x G T(Dp) we have 

rj5/i(Q,t)(x)=rJ(x) (5.3.1) 

since P(t) = 1 for any (3 E J. Now suppose Qi,Q2 are two standard maximal rational 
parabolic subgroups of G whose intersection P = Qi fl Q2 is parabolic. Let G A(Qj) be 
the unique nonzero roots. Choose ti E A[ = Aq. with ai(ti) > 1 and let 

Shi = Sh{Qi,ti):T(DQj-.T(DQj 

denote the resulting two shrinks. It follows by taking P = Qi fl Q2 in 
mappings Shi and Sh2 commute on their common domain of definition, 

T(Dp)=T(DQ,)nT(DQ,). 

5.4. Let Pq C G be the standard minimal rational parabolic subgroup with Sq = Spq/Sg 
and with simple roots A = {ai, 02, . . . , Or} numbered in any order. Each j (with 1 < j < r) 
corresponds to a standard maximal proper rational parabolic subgroup Qj with split torus 
Sj = Spj/Sg and identity component A'j = Sj(M)°. Choose t G to be dominant and 
regular. In other words, with respect to the canonical complementary decomposition (cf 
p.4|) Aq = Ylj A'j (with ker(a;j) = Yli^j ^i) write t = tit2 . . .t^ where tj G A'- and 
aj{tj) = aj{t) > 1. Define Sh{t) : D ^ D to he the composition 

Sh{t) = ShQ^iti) o ShQ^{t2) o . . . o ShQ^{tr) 

where each ShQ.(tj) : D ^ D is the shrink defined above, corresponding to conjugates of 
the standard parabolic subgroup Qj. 

5.5. Proposition. The mapping Sh{t) : D D is independent of the ordering A = 
{ai, a2, ■ ■ ■ ,ar} of the simple roots. It is a T-equivariant homeomorphism and passes to a 
homeomorphism Sh{t) : X X with the following properties: 

1. It preserves the tiles and the strata, that is, for each rational parabolic subgroup P C G, 
we have 5/i(t)(X^) = X^ and Sh{t){Xp) = Xp. 

2. Within each tile, it is given by a geodesic action: for each x G X^ there exists b = bx E 
Ap{> 1) so that Sh{t){x) = x ■ b. 

3. It is the identity on each central tile Xp and np{Sh{t){x)) = np{x) E Xp for all 
X E X^. 

4. It commutes with the geodesic projection, that is, for any rational parabolic subgroup 
P C G and for each x E T{Xp) we have 7!'p{Sh(t){x)) = Sh(t){TTp{x)). 

5. It is (globally) homotopic to the identity. 

6. For any rational parabolic subgroup P C G and for each a G Ap and for each x E 
T{Xp), by equation (|5. 2. ^ ) we have: 

r^iSh{t){x)) = r^(x)ao(t)-^(''"(")) (5.5.1) 
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5.3.1) that the 



where oq E A is the unique root which agrees with a after conjugation and restriction 
to Sp. If X E is constrained to lie in the single tile then also 



f^{Shmx)) = f^ix)ao{tr^^^^^^^ □ (5.5.2) 

We remark that the mapping Sh{t) does depend on the choice of regular parameter (which 
determines the size of the tiles). 



6. MORPHISMS AND HECKE CORRESPONDENCES 

6.1. As in §0, G denotes a connected linear reductive algebraic group defined over Q, D 
denotes the associated symmetric space, and K' = AgK{xo) is the stabilizer in G of a 
fixed basepoint xq G D. Let F, F' C G(Q) be arithmetic subgroups and set X = r\D and 
X' = T'\D. 

6.2. Definition. A mapping / : X' — > X is a morphism if there exists g G G(Q) such that 

1. gV'g-^ C F 

2. [F : gV'g-^] < oo 

3. f{T'xK') = TgxK' for any x E G. 

The morphism / is determined by the pair (F', g) by (3); it is well defined by (1). For any 
7 G F, 7' G F' the pair (F',75f7') determine the same morphism. If F is torsion-free then / 
is an unramified covering of degree [F : gT'g^^] and it is locally an isometry with respect to 
the invariant Riemannian metrics on X' and X induced from the Killing form. Denote by 
Mor(X', X) the set of morphisms X' X. 

6.3. Lemma. Each morphism f G Mor(X', X) admits unique continuous extensions f : 
X' ^ X to the Borel-Serre compactification and f '■ X ^ X to the reductive Borel-Serre 
compactification. The mappings f and f are finite, and they restrict to morphisms on each 
boundary stratum. If f{Xp) = Xq, if U and U' are F' and T -parabolic neighborhoods of Xp 
and Xq in x' and X respectively, then 

7(7rp(x)) = nQiJix)) (6.3.1) 

for allxe U'nT\u). 

We say that a mapping x' X is a morphism if it is the unique continuous extension of 
some / G Mor(X',X). 



6.4. Proof of Lemma |6.3| . Suppose the morphism / : X' X is given by the pair (F', g). 
Let Tg : D ^ D denote the action of on D. It moves the basepoint Xq to a new basepoint 
Xi = gxo with stabilizer K'{xi) = ^K' = gK'g~^. If P is a rational parabolic subgroup and 
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if Q = = gPg-^ set K'p{xo) = K' f] P and ^^'^(xi) = K'{xi) f] Q. Then Tg may also be 
described as the mapping 

D = P/K'p{xo) ^ Q/K'q{xi) = D (6.4.1) 

which is given by xKp{xo) ^-^ gxg^^ Kq{xi) by (|2.1.3| ). This intertwines the geodesic actions 
of A'p and A'q, that is, 

Tg{x ■ a) = gxg''^gi^^{a)g'^KQ{xi) = gxg~^i^^{a)KQ{xi) = Tg{x) ■ a (6.4.2) 

where a i— > a is the canonical identification A'p = A'q of § |2.3| . It follows that Tg extends to a 

mapping Tg : D D on the Borel-Serre partial compactification, which takes the boundary 
component ep = P/K'pA'p to eg = Q/K'qA'q by conjugation and satisfies 

7rQfg{x)=fgi7rp{x)). (6.4.3) 

The mapping Tg passes to a mapping / : r'\D —>■ r\D which is the desired extension. It 
maps y/, = T'p\ep to Yq = YgXeg by f{rpxK'p{xo)A'p) = TQgxg~'^K'Q{xi)A'Q, which is a 
mapping of degree [Tq : gT'pg^^] < oo. (Here, Q = ^P.) The extension / may map several 
strata of X' to a single stratum of X: let Qi, Q2, . . . , Qm be a set of representatives for the 
^r'-conjugacy classes of rational parabolic subgroups which are F-conjugate to Q, and set 
Pj = g^^Qjg. Then / maps each stratum Yp. C X' to the stratum Yq C X by a morphism 

which may be described in a manner similar to ( |6.4.1| ). This shows that / is finite and that 
its restriction to each boundary stratum is a morphism. 

Similarly the mapping Tg passes to a mapping Tg : D ^ D on the reductive Borel-Serre 
compactification of D, which further passes to a mapping / : T'\D T\D. Then / maps 
X'p = T'p\P/KpApUp to Xq = Tq\Q/KqAqUq by 

J{V'pxKp{xQ)ApUp) = TQgxg'^KQ{xi)AQUQ. 

The degree of this mapping is not obviously finite because the intersection T'p n Up is 
nontrivial. By ( p.l.2| ) conjugation by g takes Lp(xo) to Lq{xi). Let K^p){xo)Ap be the 
stabilizer in Lp of the basepoint 7rp(xo) € -Dp and let Kl(^q){xi)Aq be the stabilizer in Lq 
of the basepoint 7Cq{xi) G Dq. Set ^^p) = ^pO^'p) C Lp and Tl{q) = lyQiTq) C Lq. Then 
X'p = V'j^f^p^\Lp/KL(p){xo)Ap and Xq = V l(q)\Lq/ Kl(q){xi)Aq with respect to which we 
may express / as follows: 

1{^'l{p)^Kl{p){xq)Ap) = TL{Q)gxg-^KL{Q){xi)AQ 

which has degree [Tl(q) '■ 9^'l{p)9^^] < in the preceding paragraph, the mapping / 

will take each of the finitely many strata X'p^ to the stratum Xq (for 1 < j < m) by a 
similarly defined finite morphism. □ 
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6.5. Definition. A correspondence on X = T\G/K' is an arithmetic subgroup V C G(Q) 
togetlier with two morphisms ci,C2 G Mor(C, X), where C = r'\D. A point a; G C is fixed 
if Ci{x) = C2{x). Two correspondences (ci, C2) : C =^ X and {c[, c'^ : C ^ X are said to be 
isomorphic if there is an invertible morphism a : C ^ C such that c'^oa = Cj (for j = 1,2). 

Each g e G(Q) gives rise to a Hecke correspondence C = C[g\ ^ X as follows: set 
T[g] = r n g-^Vg, C = T[g]\G/K', and define 

(ci, C2)(r[^]xK') = {TxK', VgxK'). (6.5.1) 

Modifying g by an element of Sg(Q) does not change the Hecke correspondence. By 
Lemma |6.3| each correspondence C =^ X has a unique continuous extension C ^ X to the 
reductive Borel-Serre compactification, and each isomorphism a : C — > C" of correspon- 
dences C =^ X, C" =^ X extends uniquely to an isomorphism C — > C of the extended 
correspondences. 

6.6. Lemma. Let X = r\D and let g G G(Q). The isomorphism class of the resulting 
Hecke correspondence C = C[g] ^ X depends only on the double coset TgT G r\G(Q)/r. 

6.7. Proof. If suffices to verify the statement for the correspondence C =^ X since the 
extension to the reductive Borel-Serre compactification exists uniquely. Let 71,72 G T and 
let g' = 71(772 be another element in the same double coset r^fF. Set T[g'] = Tng'^^Tg' , C = 
r[g']\G/K', and define (c;,^) : C" ^ X by c[(T[g']xK') = TxK', c'2{T[g']xK') = Tg'xK'. 
One verifies by direct calculation that the morphism f : C —>■ C which is given by 

f{r[g']xK') = T[g]-f2xK' (6.7.1) 

is a well-defined isomorphism of correspondences, with inverse given by f~'^{r[g]xK') = 
T[g']^^'xK'. □ 

6.8. Remark. It can be shown that the mapping (ci, C2) : C — > X x X is generically one- 
to-one. In the event that every element of g'^TgT is neat, then this mapping is globally an 
embedding. 

In the next section we will show that every correspondence is a covering of a Hecke 
correspondence. 

6.9. Proposition. LetV C G(Q) he an arithmetic subgroup, C = r'\D and {€[,€2) : C =^ 
X be a correspondence. Then there is a Hecke correspondence (ci,C2) : C[g] ^ X and a 
subgroup T" C T[g] such that the correspondence C ^ X is isomorphic to the correspondence 

C" C[g] ^ X (6.9.1) 



where C" = V"\G/K and h{V"xK) = T[g]xK. 
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6.10. Proof. Suppose c'i{T'xK') = VgixK' and c^iT'xK') = Vg2xK' where gjT'g^ ^cT are 
subgroups of finite index. Then g = g2gi^ determines a Hecke correspondence C[g] = 
T[g]\D ^ X. Define T" = giT'g^^ and C" = T"\D. Since T" C T[g] we obtain a correspon- 
dence in "standard form" , 

C" C[g]^X (6.10.1) 

with h{T"xK') = T[g]xK'. Define f : C ^ C" by fiT'xK') = V'gixK'. Then / is well 
defined, and it is easily seen to be an isomorphism of correspondences. □ 

6.11. Narrow tilings. Let (ci,C2) : C =^ X be a Hecke correspondence defined by some 
element g G G(Q), so C = T'\D with T' = T n g'^Tg. Let 6 e i3 be a sufficiently large 
F-invariant regular parameter. Then it is also F'-invariant, it gives rise to tilings {C^} of 
C and of X, and the mapping ci : C — > X takes tiles to tiles (although the same 
cannot necessarily be said of C2). Let us say this tiling is narrow with respect to the Hecke 
correspondence if, for every stratum Cq of C, the following holds: 

c,(T(Cq)) n C2(T{Cq)) 7^ ^ ci(Cq) = c,{Cq) 

and if, in this case, Ci{T{Cq)) U C2{T{Cq)) is a F-parabolic neighborhood of Xq in X. 

6.12. Proposition. Fix a Hecke correspondence C ^ X. If the T -invariant regular param- 
eter b E B is chosen sufficiently large then the resulting tiling {C^} of C is narrow for that 
Hecke correspondence. 

6.13. Proof. Let Cq be a stratum of C and suppose Ci{Cq) = Xp and C2(Cq) = Xpi. Then 
Q is F-conjugate to P while gQg~^ is F-conjugate to P' (cf Lemma |7^) . In particular, 
P and P' are G(Q)-conjugate, which implies that either Xp = Xpi (and P = P') or 
XpHXp' = ( [^.10.41 ). In the latter case there exist neighborhoods U of Xp and U' of Xp' 



which do not intersect. Choose the tiling parameter so large that T{Cq) C {U)r\C2 (W). 
Since there are finitely many strata Cq in C, this amounts to finitely many conditions on the 
tiling parameter. Similarly, if Ci(Cq) = C2{Cq) = Xq, choose any parabolic neighborhood 
U C X of Xq and then choose the tiling so small that T{Cq) C c]~^(f/) fl c^^(t/). This will 
guarantee that Ci(T(Cq)) U C2{T{Cq)) will be a F-parabolic set in X. □ 



7. Restriction to the boundary 

7.1. Parabolic Hecke correspondence. As in §|^, G denotes a connected linear reductive 
algebraic group defined over Q, D denotes the associated symmetric space, K' = AgK^xq) 
is the stabilizer in G of a fixed basepoint xq E D, T G G(Q) is an arithmetic group 
and X = r\D. Fix a rational parabolic subgroup P C G and let Xp = Fp\Z)p C X 
be the corresponding stratum in the reductive Borel-Serre compactification of X. Each 
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y G P(Q) determines a correspondence on a P(Q)-invariant neighborhood of Xp which we 
now describe. Set T'p = T p[y\ = T p r\ y~^Tpy. Define the parabolic Hecke correspondence 

{c,,C2):T'p\D[P]^Tp\D[P] (7.1.1) 

determined by y & P(Q) to be the unique continuous extension of the correspondence 
T'p\D =^ Tp\D which is given by 

T'pxK'p h-> {TpxK'p, VpyxK'p) (7.1.2) 

where we identify D = P/K'p. It follows from (|6.4.2|) (by taking P = Q) that this corre- 
spondence commutes with the geodesic action of A'p, that is, 

Cj(x ■ a) = Ci{x) ■ a (7.1.3) 

(for i = 1,2) for any x G r'p\D[P] and for any a G A'p. Therefore the parabolic Hecke 
correspondence preserves the corner structure near Cp, that is, if Q D P is a rational 
parabolic subgroup then each mapping Cj takes the stratum T'p\Dq C T'p\D[P] to the 
stratum Tp\Dq C Tp\D[P]. 

There is also an associated (global) correspondence, C = r'\D X = r\D (where 
r' = r n y'^Vy). \i V C D[P] C D is a F-parabolic neighborhood of Dp then it is 
also a r'-parabolic neighborhood of Dp, as is y"^ ■ K Hence V r\y~^V is also a F'-parabolic 
neighborhood of Dp. It follows that, if [/ C Tp\D[P] C Tp\D is a F-parabolic neighborhood 
of Xp then U' = c^\U) n c^^U) C T'p\D is a F-parabolic neighborhood of Cp = T'p\Dp. 
We will say that any correspondence isomorphic to such aU' ^ U is modeled on the parabolic 
Hecke correspondence (|7.1.1|) . 

U' C T'p\D[P] ^ Tp\D[P] D U 

II n n II 



u' c r'p\D 
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7.2. Now suppose g G 
its canonical extension 



G(Q) gives rise to the Hecke correspondence C 
[ci,C2) : C =^ X, where C = T[g]\D as in § |6.5.1 



= C[g]^ X with 
If P is a rational 



parabolic subgroup of G and if Xp denotes the corresponding RBS stratum, then we may 
consider the part cf^(Xp) of C which lies over this stratum. It will consist of several RBS 
boundary strata Cq of C. Some of these boundary strata may be mapped back to Xp by 
the mapping C2. In this case, we shall say that the Hecke correspondence C has a restriction 
to Xp consisting of the union of those boundary strata Cq such that (ci, C2)\Cq : Cq =^ Xq. 



7.3. Proposition. Let T C G(Q) be a neat arithmetic group. Let (ci,C2) : C 
be the Hecke correspondence which is determined by an element g & G{ 
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= C[g] 
Let P 



4X 
be a 



rational parabolic subgroup ofG, with corresponding boundary stratum Xp C X. Decompose 
the intersection TgT fl P into a union of Tp-double cosets, 

m 

Tgrnp =l[rpg,rp (7.3.1) 

with gj G P(Q). Then m < oo and, over a sufficiently small parabolic neighborhood of Xp, 
the Hecke correspondence C ^ X breaks into a disjoint union of m correspondences which 
are given by gj and which are modeled on the parabolic Hecke correspondences 

Tp[g,]\D[P] ^ Tp\D[P] 

for j = 1,2,... ,m, where Tp[gj] = Tn gJ^Tgj (1 P. 

(A similar procedure is described in the adelic setting in 0].) The proof will take the 
rest of §1^. First we establish a one to one correspondence between the components of the 



restriction of the Hecke correspondence to Xp and the double cosets which appear in (|7.3.1[ ). 
Let TpyTp C TgT fl P be a double coset from ( |7.3.1|) . Write y = 72(771 for some 71, 72 G T. 
Define 

E{TpyTp) = 7iP7f 1 = g-'-f^'Pj^g. (7.3.2) 

7.4. Lemma. The mapping S gives a well defined one to one correspondence between 

(a) Double cosets TpyTp C TgT n P 

(b) T[g]-conjugacy classes of rational parabolic subgroups Q = E{TpyTp) C G such that 

(i) Q is T-conjugate to P and 

(ii) gQg^^ is T-conjugate to P 

(c) Boundary strata Cq C C such that (ci, C2) : Cq =^ Xp. 
In particular, this set is finite. 

7.5. Proof of lemma \7A[ First compare the sets (b) and (c). The boundary strata in C' 
are in one to one correspondence with r[(yf]-conjugacy classes of rational parabolic subgroups 
of G, while the boundary strata in X are in one to one correspondence with F conjugacy 
classes of rational parabohc subgroups. Condition (i) is equivalent to the statement that Ci 
maps Cq to Xp while condition (ii) is equivalent to the statement that C2 maps Cq to Xp. 

Now verify that the mapping S is well defined, i.e. that the F[5f]-conjugacy class of 
E(TpgjTp) = 7iP7j"^ is independent of the choices. Let y' = 725'7i G Fp^f^Fp be an- 
other element in the same double coset, and set Q' = 7j^P(7^)~^. Since y' G TpyTp, there 
exists 7a, 76 ^ Fp such that y' = '^aVlb- So y' = j'^gj'^ = 7a72fi'7i76, which gives 

h := g~^l'2~^7a729 = 7i7fe7r^ e 9'^'^9 n F = F[^]. 

Then, 

h-'Qh = (7i767r')"'(7iP7r')(7i767r') = Q' (7-5.1) 
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which verifies that Q and Q' are r[g] conjugate. 

Next we show that S is surjective. Suppose that Q and gQg~^ are both F-conjugate to 
P. Say, Q = 7iP7]"^ and gQ,g~^ = 72'^P72 for some 71,72 € T. Then 

^291iPli'9'V = P (7.5.2) 

so the element y = 72(771 G P(Q) H TgT (since a parabohc subgroup is its own normahzer) 
and E{TpyTp) = Q. 

Finally we show that S is injective. Suppose y, y' G r^fFflP, say y = 72(771 and y' = 72(?7i. 
Set 

Q = 7iP7r^ = ^'S2"^P72^ 

Q' = 7;P(70"' = 9-\l'2)-'Pl29 

Suppose Q and Q' are F [(7] -conjugate, say Q = 7Q'7^^ for some 7 G Tng^^Tg. Comparing 
these gives two relations, 

Q = 7iP7ri =77;p(7;)-V' 

Q = g-'^,'P^29 = 19-\l'2)-'Pl29l'' 

from which it follows that hi = (7i) "'^7^^7r^ ^ ^ /12 = 12919^^ ^ P- Moreover, 
hi,h2 G F. But h2y'hi = y hence Fpy'Fp = FpyFp as claimed. □ 

7.6. Proof of Proposition |7.3| . By lemma |7.4| , the restriction of the Hecke correspondence 
C = C[g] ^ X to the stratum Xp breaks into a union of m correspondences, indexed by 
the elements gi,g2,... ,gm- Fix j (with 1 < j < m) and set T[gj] = F fl gJ^Tgj and 
Fp[5fj] = T[gj\ n P. The following commutative diagram of correspondences provides an 
explicit isomorphism between the parabolic Hecke correspondence given by gj with the 
corresponding piece of the Hecke correspondence given by g: 

Tp[g,]\D[P] ^ Tp\D[P] 

V[g^]\D ^ T\D 

f 

r[g]\D ^ T\D 

The first line is the parabolic Hecke correspondence (|7.1.1| ) defined by gj, i.e., it is the 
continuous extension of the mapping Fp[5fj] (TpxK'p,TpgjxK'p). The second line is the 
Hecke correspondence ( |6.5.1|) defined by gj, i.e. it is the continuous extension of T[gj]xK' 
{TxK', TgxK'). The vertical mapping (5 (resp. (3j) is described in § p.l| ; it is a homeomorphism 
over any F-parabolic neighborhood of Xp (resp. over any F[(yfj]— parabolic neighborhood of 
Tp[gj\\Dp). The top square of this diagram commutes by direct computation. The third 
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line is the given Hecke correspondence (|6.5.1| ). The vertical mapping / is the isomorphism 



of Hecke correspondences given in lemma and equation ( |6.7.1| ). In other words, write 
9j = Ii9l2 and f{V[gj\xK') = T[g]'y2xK'. The bottom square also commutes. This completes 
the construction of an explicit isomorphism with the parabolic Hecke correspondence, and 
hence of the proof of proposition |7^. □ 

8. Counting the fixed points 

8.1. As in §H, G denotes a connected linear reductive algebraic group defined over Q, D 
denotes the associated symmetric space, K' = AgK{xq) is the stabilizer in G of a fixed base- 
point Xq E D, r G G(Q) is an arithmetic group and X = r\D. Fix a rational parabolic sub- 
group P C G, set Tp = TnP,TL = i^p(Tp) C L(Q) and denote by Xp = Tp\Dp = Tl\Dp 
the corresponding stratum in the reductive Borel-Serre compactification X. An element 
y e P(Q) gives rise to a parabohc Hecke correspondence (ci,C2) : T'p\D[P] =^ Tp\D[P] 
where T'p = Tp[y] = Tp n y~^Tpy. Let T'j^ = upiT'p). The restriction Cp =^ Xp of this 
parabolic correspondence to the boundary stratum Cp = T'^\Dp is given by 

{ci,C2){T'lxKpAp) = {TLxKpAp,TLyxKpAp) (8.1.1) 

where y = upiy). 

8.2. Characteristic element. Let us suppose that w G Cp is a fixed point of the parabolic 
Hecke correspondence, that is, Ci{w) = C2{w). Choose any lift w G Dp of w and write 
w = zKpAp G Lp/KpAp. Since the point w = T'l^zKpAp is fixed, we have 

TlzKpAp = TLyzKpAp. (8.2.1) 

Hence there exists 7 G such that the element e = jy fixes the point z E Dp, that is, 

ezKpAp = -fyzKpAp = zKpAp G Dp. (8.2.2) 

8.3. Definition. The element e = 7I/ G Lp(Q) is called a characteristic element for the 
fixed point w, or the characteristic element corresponding to the lift w oi w. 

Denote by Fp{e) G Cp the set of fixed points in Cp for which e is a characteristic element. 
We refer to Fp{e) as a fixed point constituent; it may consist of several connected components. 
Let Dp denote the fixed points of the mapping Tg : Dp Dp. Then Fp{e) is the image of 
Dp under the projection Dp — > Cp. Write e = Qeme G ApMp. We say an element of Lp 
is elliptic (or is elliptic modulo Ap) if it is Lp(M)-conjugate to an element of KpAp. Let 
Lf, G Lp denote the centralizer of e in Lp. 

8.4. Proposition. Suppose the arithmetic group F is neat. Then the following statements 
hold. 

1. The characteristic element e G Lp is semisimple and is elliptic {modulo Ap). The 
group Le is reductive, algebraic, and defined over Q. The torus factors Qy = Qe G Ap 
are equal ( cf § |g. ^ ) . The fixed point constituent Fp{e) is a smooth submanifold of Cp. 
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2. If y ^ P is changed by multiplication by an element u G Up, or if 'j E Tl is replaced 



by another element ofVi which also satisfies ( \8. 2. ^ ) , or if a different representative 
z' G Lp of w E Dp is chosen, then the characteristic element e G Lp does not change. 

3. // a different lift w' E Dp of w is chosen, or if y is changed within its double coset 
TpyTp then e changes at most by T i-conjugacy. 

4. The characteristic element e is a rigid invariant of the fixed point set: if Wt E Cp is a 
one parameter family of fixed points {with t G [0, 1]) and if Zt G Dp is a lift to a one 
parameter family of points in Dp then the resulting characteristic elements Ct do not 
vary with t. 

5. The group Le acts transitively on Dp. Set Te = Tl n L^, T'^ = fl Le, and K'^ = 
Le n {z{KpAp)z~^). Then the action of Le on Dp induces diffeomorphisms 

Fp{e) ^ K\LJK'^ and c,{Fp{e)) ^ Te\LjK'^. (8.4.1) 

The projection Fp{e) Ci{Fp{e)) is a covering of degree 

d=[Te: K] = n r^T^y : M^p H V'^Tpy)]. (8.4.2) 

6. Conversely, let C C TiyTi be any V i-conjugacy class which is elliptic (modulo Ap). 
Then C^Viy consists of a single element e' , and there exists a fixed point w' E Cp for 
which e! is a characteristic element. In particular, Fp{e') ^ 0. 

So the constituents of the fixed point set in Cp are in one to one correspondence with 
r^-conjugacy classes of elhptic (modulo Ap) elements e G TLyTL. 

8.5. Proof. By (|8.2.2| ), e = •yy E zKpApz^^ which is compact modulo Ap, so e is also 
semisimple. The elements e and y are in the same F^-double coset so they have the same 
torus component a^. = ay E Ap. Since V is neat, the group Fg acts freely on Dp. This proves 
(1). Next, consider (2) and suppose different choices y' = yu, 7' G F^, and z' E Lp were 
made, with u E Up, with w = zKpAp = z'KpAp E Dp and, as in ( ^.2.2|) , z'KpAp = 
■j'y'z'KpAp (where y' = vpiij')). Then y' = y and 

•yyzKpAp = zKpAp = •y'y'z'KpAp = •y'yzKpAp 

so 7~^7' G {yz)KpAp{yz)~^ . Since F^, is torsion-free, this implies 7 = 7', hence the charac- 
teristic element e = 7?/ is unchanged. This proves (2). Since F^ is discrete, the characteristic 
element is constant in a continuous family of fixed points, which proves (4). 

Now consider changing y within its double coset TpyTp and consider changing the lift 
w E Dp of the fixed point. Let y = 71I/72 with 71,72 G Tp. Set 71 = t/p(7i), 72 = ^'p(72) and 
y = vpiy). As in the element y determines a Hecke correspondence (01,62) : Cp =^ Xp 
as follows: Set Fp = Fp fl y~^Tpy, T^ = i^p(Fp) and Cp = Tl\Dp = T i\Lp / KpAp. Then 
{ci,C2){T LxKpAp) = (TLxKpAp,TLyxKpAp). As in equation ( |6.7.1| ), an isomorphism of 
correspondences f : Cp Cp is given by 

fiTLxKpAp) = T'^^^xKpAp. 
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Choose any lift zKpAp E Dp of the fixed point w = f ^{w) (with z G Lp). We obtain a 
new characteristic element e = (for some 7 G F^) such that 

^jjzKpAp = zKpAp. (8.5.1) 

We need to show that e = 7^ is F^-conjugate to e = ■yy. Since f{w) = w we have 

T'^^2zKpAp = T'^zKpAp 

so there exists h G F'^;^ such that h'^2zKpAp = zKpAp or 

zKpAp = %^h-^zKpAp. (8.5.2) 

Substituting ( ^.5.2|) into both sides of (|8.5.1|) and using ( ^.2.2|) gives 

h'^2iyi2^h^^zKpAp = zKpAp = 'jyzKpAp 

or 

h^2lliyh^^ zKpAp = ^yzKpAp. 

Since h, h^^ G vp{y^^Tpy) = y^^T ly there exists h' E Tl such that yh^^ = h'y, which gives 

l~^h^2llih'{yzKpAp) = yzKpAp. 

This implies that 7~^/i7277i/i' = 1 since it is both in the group {yz)KpAp{yz)~^ and in F^. 
Therefore l.y = 7~^/i7277i|//i~^ or 

72/ = h^2lliyi2l2^h~^ = (/i72)7y(^72)"^- 

Thus, the characteristic elements ■yy and ^y are F^^-conjugate, which proves (3). 

Now let us prove (5). It is easy to see that Lg acts on Dp. To see that this action is 
transitive, let vi,V2 G Dp, say vi = ziKpAp and V2 = Z2KpAp with Zi G Lp (for i = 1,2). 
Then there exists ki,k2 G KpAp so that ezi = Ziki and ez2 = 2^2^25 hence ki and k2 are 
L-conjugate (by Z2Z^^). It follows from | )Bo3| | §24.7 that ki and ^2 are also KpAp conjugate. 
Say, ^2 = mkim~^ for some m G KpAp. Define x = Z2mzi^ . Then f2 = xvi and moreover, 
X G Le since 

xex~^ = Z2'^-2r^^'2i"^~^-22'^ = 2;2mA;im~"^2;^^ = e. 

This completes the verification that Lg acts transitively on D^p. 

Using the chosen lift w = zKpAp G Dp as a basepoint, we obtain a diffeomorphism 
Le/K'^ = Dp where K'^ = Ci {zKpApz~^) is the stabilizer (in Le) of w. This induces a 
surjection (Lg fl V'^)\L(,/ K'^ Fp{e) which we will now show to be injective. 

Suppose xi,X2 G Le and that xiw,X2W G Dp map to the same point in Cp, that is, 
T'j^XizKpAp = T'j^X2zKpAp. Then there exists 7 G F^ so that 

'-)X\zKpAp = X2zKpAp. (8.5.3) 
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We need to show that 7 G Lg. Acting by e on the left hand side of ( |8.5.3|) and using ( p.2.2|) 
gives the quantity 

e'je~^exizKpAp = e'^e~^xiezKpAp = e'je~^xizKpAp 

while acting by e on the right hand side of ( p.5.3| ) gives 

ex2zKpAp = X2zKpAp = jxizKpAp. 

So 7^^676^^ G {xiz)KpAp{xiz)^^ . But 7^"'^e7e^"'^ G so this element is trivial, that is, 
■ye = 67, hence 7 G L^. Therefore Fp{e) = T'^\Dp. The equality Ci(Fp(e)) = C2(-Fp(e)) = 
Tf,\Lf./K'^ is similar. Equation (|8.4.2| ) will be proven in § ^.6| . 

Now let us verify part (6). Suppose e" = 72I/71 G Lp(Q) is elliptic (modulo Ap). Then e" is 
r^^-conjugate to the element e' = 7172I/ which is also elliptic modulo Ap. There exists z G Lp 
so that e' G zKpApz~^ hence e'zKpAp = zKpAp. In other words, e' is a characteristic 
element for the point w' = T'j^zKpAp ^ Cp (which is easily seen to be fixed under the Hecke 
corresp ondence ) . □ 



8.6. Addendum. (We refer to the notation of §8.4] and §8.5| .) Unfortunately the arithmetic 



group '^lWI = ^L^y^^^hV may be larger than = upiT pr\y^^V py) , so the correspondence 
( p.l.l| ) is not necessarily a Hecke correspondence, but rather it is a covering of the following 
Hecke correspondence: 

{01,02) : Cp = TL[y]\Dp ^ Xp 

TL[y\xKpAp ^ {TLxKpAp,TLyxKpAp). 

This covering : T'^\Dp TL[y]\Dp has degree d = [Tily] '■ T'l]- A point w G Cp is fixed 
iff the point (t>{w) G Cp is fixed. 

Let Fp{e) C Cp be the set of fixed points within this (smaller) Hecke correspondence 
with characteristic element e. We claim that the restriction of Cj to Fp{e) C Cp is a dif- 
feomorphism: Fp{e) = Ci(Fp(e)) (for i = 1,2). As in ( PXT|) it is clear that Fp{e) = 
(XL[y] n Le)\Le/K'^ so it suffices to verify that the inclusion Tily] fl Lg C Fe is an isomor- 
phism. If 7i G Fe then 71 = e~^7ie. But the left side of this equation is in F^ and the right 
side is in y'^Tiy, hence 71 G F2,[|/], which proves the claim. 

In summary, we have a diagram 

Cp > Cp ^ Xp 

U U U 

Fp(e) . Fp(e) Q(Fp(e)) 

and in particular the degree d of the covering coincides with the degree of the mapping 
Fp(e) ^ Ci(Fp(e)) which gives (|X|). 
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8.7. Remark. The codimension of Fp{e) in Dp is odd if and only if the action of e reverses 
orientations in the normal bundle of -Fp(e) in Dp. This is because e preserves an appropri- 
ately chosen normal slice through any point in Fp{e), the boundary of which is a sphere on 
which e then acts as a diffeomorphism without fixed points, so its Lefschetz number is 0. In 
the odd codimension case this sphere is even dimensional, so by the Lefschetz fixed point 
theorem, its action on the top degree cohomology is given by multiplication by —1, that is, 
it reverses the orientation. In the even codimension case, it preserves orientation. 

9. Hyperbolic properties of Hecke correspondences 

9.1. Expanding and contracting roots. As in G denotes a connected linear reductive 
algebraic group defined over Q, D denotes the associated symmetric space, K' = AgK{xo) 
is the stabilizer in G of a fixed basepoint Xq G -D, T C G(Q) is an arithmetic group and 
X = r\D. Throughout this section we fix a Hecke correspondence (ci, C2) : C =^ X defined 
by some element g e G(Q). So C = T'\D with T' = T n g'^Tg. 

Let P C G be a rational parabolic subgroup and suppose that ci(Cp) = C2{Cp) = Xp. By 
Proposition |7.3| , near Cp the correspondence is modeled on a parabolic Hecke correspondence 
T'p\D[P] ^ Tp\D[P] ( fmi) which is determined by some y e P(Q) (where T'p = TpH 
y~^Tpy). Suppose y = UyayUiy is the Langlands decomposition ( p.2.2|) of ?/ G P(Q). If y 
is allowed to vary within the double coset TpyVp then the element ay (z Ap will remain 
fixed, so we may write ap = ay. We refer to ap as the torus factor associated to the Hecke 
correspondence near Cp. The torus factor may be used to define a partition of the simple 
roots Ap into three subsets 

= {a e Ap| a{ap) < 1} 

A~p = {a e Ap| a{ap) > 1} 

A?, = {a G Ap| a{ap) = 1} 

consisting of those simple roots which are expanding, contracting, or neutral, respectively, 
near the stratum Cp. (See also § |11.7| ) The terminology is motivated by the following fact, 
whose proof follows immediately from ( |3.2.2| ) and the definition ( |7.L2| ) of the correspondence: 
for all a G Ap and for all z G r'p\D[P] we have: 

f^{c2{z)) = a{ap)f^{c,{z)). (9.1.1) 

Now suppose P C Q are rational parabolic subgroups of G, with Ap = ^(Aq) H J 
as in ( p.4.1|) . Suppose that Ci(Cp) = C2{Cp), giving rise to a torus factor ap & Ap and a 



decomposition of Ap into expanding, contracting and neutral roots as above. Then ci{Cq) 
C2(Cq) (by § |7. 1|) so we obtain a torus factor aq G Aq and a decomposition of Aq into 
expanding, contracting and neutral roots also. 

9.2. Proposition. Suppose that J C Ap. Then 

1. The torus factors ap = aq are equal; in particular ap lies in the sub-torus Aq G Ap. 
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2. The expanding, contracting, and neutral simple roots for P are given by: 

A+ = z(A+), Ap = z(Aq), a?, = z(Ay n J. (9.2.1) 

3. For all z G r'p\D[P] and for all {3 G Aq ti;e /iaf e, 

/&)(^^(^)) , , /.^(^2(^)) 

/;3^(Cl(^)) 

provided the denominators do not vanish. 

In this case we say that Q is a neutral parabohc subgroup containing P and we write P ^ Q. 
Intuitively, the Hecke correspondence is neutral in those directions normal to Cp which point 
into Cq] cf. § p.6| . 



9.3. Proof. Locally near Cq the Hecke correspondence is isomorphic to a parabolic Hecke 
correspondence given by some y' = Uyiayiniyi G Q with torus factor aq = ayi G Aq. In a 
neighborhood of Cp the correspondence is isomorphic to the parabolic Hecke correspondence 
given by some y = UyayVny G P (with ap = ay). Moreover y may be chosen to lie in the 
double coset Fq^/Tq since the correspondence Cp =^ Xp is the restriction to Cp of the 
correspondence Cq =^ Xq; cf. Proposition [7l3| . By assumption, a{ap) = 1 for all a G J 
which implies that ap G Aq. It follows that ap = aQ because the homomorphism Q Aq 
(which associates to any 2 G Q its torus factor Qz) kills Tq. Therefore, for any P G Aq we 
have: P{aQ) = i{P){ap). This proves (1) and (2). The first equality in part (3) is just ( |9.1.1D . 
The last equality in part (3) follows from part (1) and from (p.l.l|) (with f^ replaced by 

f^)- □ 

9.4. Maximal neutrality. Suppose P C Q C R are rational parabolic subgroups and 
that Ci(Cp) = C2(Cp). Write Ap = ^(Aq) H / and Ag = j(Ap) H J for the disjoint union 
of ( 2.4. 1| ). Suppose moreover that P ^ Q and Q ^ R, that is, that / C Ap and J C Aq. 



Then it follows from Proposition |9.2| that P -< R. Hence there is a greatest neutral parabolic 
subgroup containing P; in fact it is P^ = P(Ap) in the notation of § ^.4| and § |2.3| . It is 
easy to see that 

A^t = and A^ = i'{A%) (9.4.1) 
(where : Apt Ap is the natural inclusion). Moreover, 

P ^ Q =^ Pt = Qt. (9.4.2) 

10. Structure of the fixed point set 

10.1. As in §1^, G denotes a connected reductive linear algebraic group defined over Q, D = 
G/K' is its associated symmetric space with basepoint Xq & D and stabilizer K' = AqK^xo), 
r C G(Q) denotes an arithmetic subgroup, and X = r\D. Throughout this section we fix 
a Hecke correspondence {01,02) : C ^ X defined by some element g G G(Q). So C = T'\D 
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with r' = r n g~^rg. We also fix a F-equivariant tiling of D which is narrow with respect to 
the Hecke correspondence, and denote by {C^} and {X^} the resulting tilings of C and X 
respectively. Let F C C be a connected component of the set of fixed points. The following 
lemma says that if F spans two strata Cp C Cq then the Hecke correspondence is neutral 
in those directions which point from Cp into Cq; cf. § p.6| . 



10.2. Lemma. Let P C Q C G &e rational parabolic subgroups and write Ap = ^(Aq) LI J 
as in ( \2.4-l\) - Suppose F fl Cq fl T{Cp) ^ (p {that is, Cq contains fixed points which lie in 
the T -parabolic neighborhood T [C p) ofCp). Then 

L J C Ap {hence the conclusions of Proposition hold). 

2. F n T{Cp) is invariant under the geodesic action of A'p{> 1). 

3. 'Kp{F n T{Cp)) C F, that is, each fixed point in this T' -parabolic neighborhood projects 
to a fixed point in Cp. 



10.3. Proof. Part (1) follows from (gJ^) and (|XT]) by taking z G F n Cq n T{Cp) to be 



a fixed point. Part (2) follows from ( |7.L3|) . Part (3) follows by continuity. □ 



10.4. Proposition. Let F G C be a connected component of the fixed point set. Let Q be a 
rational parabolic subgroup and suppose FDCq ^ (j). Let qq G Aq be the torus factor for this 
stratum. Let Q"!" = Q(Aq) be the maximal neutral parabolic subgroup containing Q. Then 

1. The whole connected component F of the fixed point set is contained in the closure 

of the single stratum Cq\ . 

2. The Hecke correspondence C ^ X restricts to a correspondence Cgt =^ Xq^ on this 
stratum-closure. Within this restricted correspondence, near each point c E F, every 
simple root is neutral: IfP izQ\ if F nCp (p if i' : A^t "-^ Ap is the inclusion, and 
if Ap = i'(AQt) H-J asm { WJ^ then J = A%. 

3. There exists a neighborhood U (F) C C of the fixed point set such that for all a G Aq 
and for all x G U{F), if x E T{Cq) and if C2{x) G T{Xq) then 

r«(c2(x)) = «(aQ)-V«(ci(x)). (10.4.1) 

10.5. Remarks. Part (1) does not imply that FflCgt 7^ <P- In fact, the fixed point compo- 
nent F may be "reducible" : it does not necessarily coincide with the closure of its intersection 
F n Cp with any single stratum Cp. (See § |16.1| .) 

10.6. Proof. Suppose that F has a nontrivial intersection with some other stratum, say 
F n Cr 7^ 0. Suppose for the moment that R D Q and that F fl Cq contains limit points 
from F n Cp, that is. 



(F n Cq) n F n 7^ 0. 
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(10.6.1) 



Then Lemma [10. 2| part (1) implies that R is a neutral parabolic subgroup containing Q 
so ( 19.4.21) implies that = hence F n Cr C F n C = F n Cqt. Now we drop the 



assumption (|10.6.1| ). Since F is connected, the stratum Cr is related to the stratum Cq 
through a chain of strata Cr^ (say, 1 < i < m), each having nontrivial intersection with F, 
with each step in the chain related to the next by 



(FnCfiJnFnCfi,^, ^0or {f nCR^^,)nF hCr^ ^ cp. 

Repeated application of ( |9.4.2| ) implies that 

Rt = Rt = . . . = Rt^ = Qt. (10.6.2) 

So once again, F fl Cr C F H Cq]. This verifies part (1). 

Consider part (2). Since the stratum Cq is preserved by the Hecke correspondence, the 

same holds for each larger stratum, especially Cgt- Suppose F (1 Cp ^ 0. By ( [10. 6. 21) , 

Pt = Qt so by (|X1]), Ap = ^'(AQt) n A?,. 

Next we verify part (3). Suppose P C Q and suppose F f\ Cp ^ (p. By Proposition |9]2 

p 

{") 



part (3), for all a E Aq and for all w E T{Cq) flCa ^(T(Xq)), the root function /^'^^ satisfies 



fKaMw)) = a{aQ)fr^^^{c,{w)) (10.6.3) 

where, as in ( |2.4.1D , we have written Ap = ^(Aq) 11 J. However this does not yet prove 
( p.0.4.1| ). The problem is that the partial distance function r^iw) is patched together ( [4.2.2| ) 



from these root functions fr^^^ in a way that depends on which tile contains the point Ci{w). 
So we need to show that the Hecke correspondence preserves the tile boundaries in some 
neighborhood U{F) of the fixed point set. 

10.7. Lemma. Suppose F G C is a connected component of the fixed point set of the Hecke 
correspondence C ^ X. Then there exists a neighborhood U {F) G C of F such that for all 
w E U{F) and for any rational parabolic subgroup P C G, 

ci{w) eX^ ^ C2{w) E X^. (10.7.1) 

10.8. Proof. Assume not. Then there is a sequence of points Xi E C converging to F so that 
for each i, ci(xj) and C2(xj) are in different tiles. By taking subsequences if necessary we may 
assume the sequence Xi converges to some point xq E F, that Xi are all contained in a single 
tile C^ (so Ci{xi) E X^) and that C2(xj) all lie in a single tile X'^. Since Ci{xo) E C^ nC^ is 
a fixed point, the Hecke correspondence must preserve the strata Cp and Cq (meaning that 
ciiCp) = C2{Cp) = Xp and ci{Cq) = C2{Cq) = Xq) and we may assume that either P C Q 
or Q C P. Since the tiling is narrow this implies that F (1 Cp ^ (p, that F fl Cq ^ 0, and 
that either F fl Cp contains limit points from F fl Cq (if P C Q) or else F fl Cq contains 
limit points from F fl Cp (if Q C P). 

Let us first consider the case that P C Q = G, meaning that X^ = X^. Let ap E Ap 
denote the torus factor for the Hecke correspondence near Cp as in § p.l[ Then it follows from 
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Lemma |10.2| that Q = G is a neutral parabolic subgroup containing P, that is, a{ap) = 1 
for all a E Ap. Within any F-parabolic neighborhood W of Xp, the tile is given by 

(Em-- 

x^ = {xe W\ np{x) G Xp and /^(x) > a{bp) for all a E Ap}. 
Since C2{xi) G X° it follows that for at least one a G Ap we have: 

aibp) > /f (c2(xi)) = a(ap)/f (ci(x,)) = /f (ci(xi)) > a{bp) 

(using equation ( |9.1.1D ) which is a contradiction. 

Next consider the case P C Q 7^ G. For sufficiently large i the points Xj will lie in 
some r'-parabolic neighborhood of Cq, and the same argument applied to the sequence 

= T^Q^^i) ^ zq = vrQ(xo) G F n Cq also leads to a contradiction. 

The case Q C P may be handled by reversing the roles of P and Q in these arguments. 
This completes the proof of Lemma |10.7| and also the proof of Proposition p.0.4 □ 



11. Modified Hecke correspondence 

11.1. As in §H, G denotes a connected linear reductive algebraic group defined over Q, D 
denotes the associated symmetric space, K' = AgK{xo) is the stabilizer in G of a chosen 
basepoint Xq E D, T G G(Q) is an arithmetic group and X = r\D. Throughout this section 
we fix a Hecke correspondence (ci,C2) : C ^ X defined by some element g E G(Q), with 
C = T'\D and L' = L n g'^Tg. Let F = {w E C\ Ci{w) = C2{w)} denote the fixed point 
set. Fix a sufficiently large regular F-equivariant parameter b E B which is so large that the 
resulting tilings {D^} of D, {X^} of X and {C^} of C are narrow (§ |6.11| ) with respect to 



the Hecke correspondence. Fix t G ^Po(> 1) dominant and regular, with resulting shrink 
homeomorphism Sh{t) : X — > X as in Define the (shrink-) modified correspondence 

(4,4) :C^X (11.1.1) 

by c'l = ci and 4 = Sh{t) o 02- Let F' = {w E C\ c'i{w) = 4('^)} denote the fixed point set 
of the modified correspondence. 

11.2. Proposition. If t E Apq{> 1) is chosen regular and sufficiently close to 1, then 

F'nCQ = Fnc'Q (11.2.1) 

for each stratum Cq C C, and 

c,{F')nXQ = c,{F)nXl (11.2.2) 



for each stratum Xq C X. 
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11.3. Proof. The correspondence C has finitely many boundary strata Cp with the prop- 
erty that Ci{Cp) = C2{Cp). For each such stratum Cp, according to proposition [77^ , the 
Hecke correspondence is locally isomorphic near Cp to a parabolic Hecke correspondence 
r'p\D[P] ^ rp\D[P] which is given by some y G -P(Q) and to which we may uniquely asso- 
ciate a torus factor ay = ap & Ap as in § [7. 1| . Conjugating all these torus factors back to Sp^ 
gives a collection {ai,a2, . . . ,aN} C Ap^ of finitely many standard torus factors (some of 
which may coincide and some of which may equal 1) associated to the Hecke correspondence 
g. If t G Apg{> 1) is chosen to be regular and sufficiently close to 1 then we can guarantee 
that the following condition holds: For all a G A and for all i = 1, 2, . . . , A^, if a(aj) < 1 
then Q;(ajt) < 1 while if «(«,) > 1 then a(ajt) > 1. Therefore, for any p with < p < 1, for 
all a G A and for alH = 1, 2, . . . , iV, the following holds: 

=^ aiai)aity < 1 
=^ a{ai)a{t)P > 1. 

Having made these choices, let us now prove Proposition |11.2| . Certainly F fl Cq = F' (1 Cq 
because the shrink acts as the identity on Cq. So we only need to show that F' fl Cq C Cq, 
that is, we must show that the fixed points of the modified Hecke correspondence which 
appear in the stratum Cq are all contained in the central tile of that stratum. Suppose 
otherwise and let w G Cq be a fixed point of the modified correspondence which lies in 
some tile C^ for P C Q, and P 7^ Q. Since the shrink preserves tiles, it follows that 
Ci{C^) n C2{C^) 7^ (j). The tiling is narrow so this implies that Ci(Cp) = C2{Cp). Set 
Ap = «(Aq) H J as in ( |2.4.1| ); then J ^ (f). By Proposition |7.3| , locally near Cp we may 
replace the Hecke correspondence by a parabolic correspondence: in other words, we may 
assume that (yf G P. Let ap G Ap be the torus factor for the correspondence near Cp, 
that is, ii g = Ugagmg G UpApMp is the Langlands decomposition then ap = ag. The 
point ci{w) = c[{w) = €2(10) lies in Xq fl C X. Since the shrink preserves tiles, 
C2{w) e XqHX^ also. 
For any a G Ap, 

= /f (c2(t^))ao(t)''(^"(-("'») by (PI) 

= «(ap)ao(t)''(^"(^^(-»)/r(ci(«^)) by 

where ao £ ^ is the unique simple root which, after conjugation and restriction to Sp, 
agrees with a. 

This gives a contradiction: First note that p{r^{c2{w))) 7^ 0, for otherwise we would 
have r^{c2{'w)) = 1 or C2{'w) ^ X^. As the shrink preserves tiles, this would imply that 
c'2(w) ^ X^ which is absurd. So by (pXiP the factor a(ap)ao(t)''(^« ('^^C^;))) 1, jf 



choose a & J then the assumption Ci{w) G Xq implies that fa{ci{w)) 7^ 0. Therefore the 
point w cannot be fixed by the modified correspondence, which proves ( |11.2.1| ). 
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There are finitely many strata Cp such that ci{Cp) = Xq. To prove ( p.l.2.2|) it suffices to 
show, for each of these strata, that 

ci{F' n Cp) n Xq = ci(F n Cp) n x° . 

Write FnCp = (FCiCp) UF as a disjoint union. Then F is contained in a union of tiles C^' 
with P' C P a proper inclusion. Since Ci takes tiles to tiles, it follows that Ci(F) fl Xq = (p 
hence 

ci(F n Cp) n x° = ci(F n c%) n x° = ci(f n c%) 

= ci{F' n Cp) = ci{F' n Cp) n Xq 

by (IIAID- □ 

11.4. Tangential distance. Choose a regular F-invariant parameter so that the associated 
tiling is narrow (§ |6.11 ) with respect to the Hecke correspondence. Choose t G ^Po(> 1) to 
be regular and sufficiently close to 1 as in Proposition |11.2| . Suppose Cq is a stratum of C 
for which F fl Cq ^ 0. Fix e & Lq and let -^^(e) C Cq denote the set of fixed points in Cq 
for which e is a characteristic element as in SB. 21. Set 



e) = FQ{e) n C'q and E = ci(F° (e)) = ci(FQ(e)) n X° . 



Let Rxq '■ Xq — > Xq and Rcq '■ Cq — > Cq be the retraction(s) and let Wq : Xq — > [0, 1] be 
the exhaustion function of § |4.6| . A choice of G-invariant Riemannian metric on D induces 
Riemannian metrics on C, X, Cq, and Xq. Define the tangential distance (Ie '■ Xq — >• [0, oo) 

by 

dEix) = WQix)+distxQ{RxQ{x),E) (11.4.1) 

where dist^Q denotes the distance in Xq with respect to the Riemannian metric. Then 

'^E^i^) — ^- Although the restriction of the Hecke correspondence to Cq is locally an 
isometry, composing with Sh{t) has the following effect: points near the boundary of Xq 
are moved even closer to the boundary of Xq and hence they are moved away from E. This 
is the intuition behind the following lemma. 

11.5. Lemma. There exists a neighborhood V C Cq of FqIc) = FqIc) fl Cq such that 

dE{c'2iw)) > dEic[{w)) (11.5.1) 

for all w &V. 

11.6. Proof. The stratum closure Cq is tiled by the collection of intersections Cq = Cq fl 
C^ with P C Q. Let Cq denote the closure of such a tile. Let Ui C Cq be a neighborhood 
of the closure Fq^c) so that for any rational parabolic subgroup P C Q, 

FQ{e)nCQ = <i> ^ u,nCQ = <p. 
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By Lemma |10.7| we may also assume that the Hecke correspondence preserves tile boundaries 
in Ui. The mapping ci preserves tiles, and the points in -^^(e) are fixed, hence 

E = c,{F^{e))=c,{F'o{e))- 



By Proposition (6), and for i = 1,2, the mapping q is one-to-one on -^^(e). Moreover, 
it is locally an isometry. It follows that, 

distxQ(ciH,E) = distcQiw,F^{e)) = distxQic2iw),E) (11.6.1) 

for w G Cq in some neighborhood f/2 C Cq of -^^(e). The desired neighborhood is 

y = f/i n f/2 C Cq. 

By Proposition |10.4| the restricted correspondence Cq ^ Xq is neutral near Fq^c). So if 
P C Q and if Fq^c) n ^ and if Ap = ^(Aq) H J as in pXl]) then by ([TOXl| ), 

r^ic2iw)) = r^ic^iw)) (11.6.2) 

for all w G Cq and for all a G J. Moreover, by lemma |10.7| the correspondence preserves 
tiles near Fq^c), that is, for all w E Ui and for all P C Q we have 



w eCn 



ci{w) G Xq 



02(10) G Xo- 



By ( [7.1.31) the correspondence commutes with the geodesic action of Ap. Therefore 

Rxq{ci{w)) = Ci{Rcq{w)) and Rxq{c2{w)) = C2{Rcq{w)) 

Now suppose w E V and w G Cq for some P C Q. If P = Q (that is, if w G Cq lies in 
the central tile) then Ci{w) G Cq as well, in which case _Rxq(q(w)) = Ci{w), WQ{ci{w)) = 0, 
and Ci{w) = c[{w). Then ( |11.5.1| ) follows from ( |11.6.1| ) and in fact, equality holds. 

Now suppose w E V n Cq for some P 7^ Q. Then P C Q, Ci{Cp) = C2{Cp) = Xp 
by Proposition [7.3| , and locally near Xp this correspondence is isomorphic to a parabolic 
Hecke correspondence, that is, we may assume that g G P(Q). In the tile C^ the retraction R 
commutes with the geodesic action of Ap, cf. ( 4.6.1 ), and so does the Hecke correspondence, 
( [7.1. 3D , hence 

Rxc{c2H) = RxQ{Sh{t)c2{w)) = Rxq{c2{w)) = C2{Rc^{w)). 

So the second terms in ( [11.4.1[ ) are equal: 

distxQ{RxQd^{'w),E) = distxQ{c2{RcQ{w)),C2{F^Q{e))) = distcQ^Rcc^^w) , F^Q{{e)) 

= distxQ{ci{RcQ{w)),E) = disixgiRxQCiiw), E) 

because both morphisms Ci and C2 are local isometries. Now consider the first terms in 
( [TTXT[) . Fix w G Cj. For a G Ap set p{a) = p(r^(c2(w))). Using (gK^, ([5Xl[ ), and 

47 



( ITLOD we find, 



WQic'.iw)) = 1 - My^Sh{t)c,{w)} 

= l-inf{rr(c2HH(t)-^(")} 
= 1 - inf {r^(ci(«;))«o(t)-^(")} 

a€,J 



> 1-inf {rr(ciH)} 
= W^q(c'iH) 

which completes the proof of (|11.5.1|) . □ 



11.7. Hyperbolic correspondences. Recall ( ||GM2|| ) that the correspondence (ci,C2 



C =^ X is weakly hyperbolic near a connected component F C C of the fixed point set, if 
there is a neighborhood N{F') C X of the image F' = ci(F) = C2{F) and an indicator 
mapping t = (^1,^2) : N{F) ~^ ^>o x ^>o such that 

1. the mapping t is proper and subanalytic 

2. the preimage of the origin t^^(O) = F' consists precisely of F' 

3. there is a neighborhood N{F) C C so that Ci{N{F)) C N{F') (for i = 1,2), and so 
that for any x G N{F), 

^l(Cl(x)) < ti(c2(x)) 
t2(Ci(x)) > t2(c2(x)) 

11.8. The modified correspondence is hyperbolic. Choose a tiling parameter b G i3 so 
that the associated tiling is narrow with respect to the Hecke correspondence (ci, C2) : C =^ 
X. Choose t G ^Po(> 1) to be dominant, regular, and sufficiently close to 1 as in Proposition 
|11.2| and equation ( |11.3.1| ). Let {c[, C2) : C =^ X be the modified correspondence. 



Suppose Cq is a stratum of C for which F fl Cq 7^ 0. Then ^(Cq) = Xg and we may 
write Aq = Aq U Aq U Aq according to whether the simple root is expanding, contracting. 



or neutral near Xg as in § [7.1| . Fix e G Lg and let -Fg(e) C Cg denote the set of fixed 
points in Cq for which e is a characteristic element as in §8.2| . Let E = ci(Fg(e)) fl Xg. 
Let V C Cg be the neighborhood of -Pg(e) = -Fg(e) fl Cg described in Lemma |11.5| . Define 
t = (ti,t2) : r(Xg) ^ M>o X M>o by 
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11.9. Theorem. The mapping (^1,^2) is an indicator mapping, with respect to which the 
modified Hecke correspondence is hyperbolic in T^g^iV). 

11.10. Proof. The idea is that the composition with the Sh{t) converts neutral directions 
(normal to a given stratum) into contracting directions but it does not change the nature 
of the expanding or contracting (normal) directions. It converts distances within the stra- 
tum (which are preserved by the Hecke correspondence and hence neutral) into expanding 
directions. 

Since ci(Cq) = C2{Cq) = Xq, by Proposition ^]3| we may, locally near Cq, replace the 
Hecke correspondence with a parabolic Hecke correspondence determined by some g = 
UgagTUg G Q(Q). Let aq = ag E Aq be the torus factor for the correspondence near Cq. It 
is easy to check that t]~^(0) fl ^2^(0) = ^- For any w E T{Cq) we have 

r«(4(«7)) = r2{Sh{t)c2{w)) = «o(t)-^('"'=^^"^V«C2(w) by ( ^XT]) 



«o(t)-^(^"^^^("'))«(aQ)-V«(ci(«;)) by (|OXT 



If a G Aq U Aq then ao{t) f''^°''^^^'^^'>a{aQ) ""^ < 1 since both factors are < 1. This proves 
that 

hc2iw) < t2c[{w) 



If a G A+ then aiaq) < 1 so ao{t)~P^'^-^^^'"^^a{aQ)-^ > 1 by ( irTXTI) . Moreover, for aU 



w G T^Q^{V) we have 



dE^Qc'2{w) = dETlQSh(t)c2iw) 

= dESh{t)7rQC2{w) by §p|(4) 

= dESh{t)c2nQiw) by (pX3|) 

> dEc[nQ{w) by (Umi) 
= dEHQc[{w) 
which completes the proof that 

tlC2(w) > tic[{w) 

and so also completes the proof that the modified Hecke correspondence is hyperbolic. □ 

12. Local weighted cohomology with supports 



12.1. Quadrants. (See [ GtKM | §7.14 p. 534.) As in previous sections we suppose G is a 
connected reductive linear algebraic group defined over Q and we denote the greatest Q- 
split torus in its center by Sq- Let P be a rational parabolic subgroup with Sp the greatest 
Q-split torus in the center of its Levi quotient Lp. Let Ap denote the simple positive roots 
of Sp occurring in Dip = Lie(Wp). The elements a G Ap are trivial on Sq and form a basis 
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of Xq(Sp) C Xq(Sp) where Sp = Sp/Sg- For any subset J C Ap as in §|]| let Q = P(J) 
be the parabohc subgroup containing P for which the corresponding torus 

Sj = Sp(j) 

is the identity component of the intersection f]^^jkeY{a). Let {t^} be the basis of the 
cocharacter group x*(Sp) ® Q which is dual to the basis Ap so that {oi,tp) = 6a,f3 (with 
respect to the canonical pairing (■,■)). IfJ = Ap — J denotes the complement, then the 
cocharacter group is spanned by x?(Sg) aiid the set {ta \ a G J}. 

Fix z/p G Xq(Sp) and J C Ap. Let 7 G Xq(Sp) and suppose that 7|Sg = ^^pISg- Then 
7 — z/p may be regarded as an element of Xq(Sp) so we may define 

(12.L1) 
(12.1.2) 



/^^(7) = {ae Ap| (7 - Up, Q < 0} 
(Sp)[,.p,jj = {7 e Xq(Sp)| Lpil) = J and 7|Sg = z^pISg-} 



This last set is called the quadrant of type J. The disjoint union of the 21^-^1 quadrants, 

II XQ(Sp)r^p,jj = {7 e Xq(Sp) I 7|Sg = j^pISg} 

JCAp 

is the subset of all characters whose restriction to Sg agrees with that of z/p. Taking J = cf) 
gives 

X*{^'p)\up,<t>\ = {7 e Xq(Sp) I 7|Sg = i'p\^G and {'^,ta) > {i^p,ta) for all a G Ap} 

which was denoted Xq(Sp)+ in ||GHM|| and was denoted Xq{^f)>up in ||GKM|| . It is the 
translate by z/p of the positive cone {J2aeAp f^aCe} with rUa > 0. More generally, for J C Ap 
define 



>P)>UpiJ) 



{7 e xq(Si 



7|Sg = i^p\Sg and {'y,ta) > {i^p,ta) for all a G j} . 

One should also be aware 



GHM 



(The subset X*q{^p) >up{.j) was denoted Xq(Sp)+(j) in 
that, in this paper and in ||GK1VI| ] each J denotes a subset of Ap while in | ]GH1V1| | the symbol 
J was used to denote a collection of standard maximal parabolic subgroups containing P. 
With appropriate labelings, one is the complement of the other.) Then 

XQ(Sp)riyp,JJ = XQi^p)>up{J) - [J Xq{^p)>up(K)- 

KCJ 



^12.1.3) 



Equation ( |12.1.3| ) remains valid if we replace the union on the right hand side by the union 
over those K (Z J such that \K\ = | J| — 1. 

If H is an Sp module such that Sg acts on H through the character z/p|Sg then one 
may define H^i^p j^ (resp. H>^p, resp. H>yp(^j)) to be the sum of those weight spaces for 
which 7 G Xq{^p)\vp,j\ (resp. 7 G 



[Sp)>i.p, resp. 7 G 
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'>P)>Up{J)j 



12.2. Weighted cohomology. As in §^ let D denote tiie symmetric space associated to 
G, K' = AgK{xq) denote the stabilizer in G of a fixed basepoint G -D, T C G(Q) be a 
neat arithmetic group and X = r\D. Let G —>■ GL{E) be a finite dimensional irreducible 
representation of G on some complex vectorspace E. It gives rise to a local system E = 
{G/K') E on X = r\G/K. Let Pq be the standard minimal rational parabolic subgroup 
with So = Spq. Fix z/ G Xq(So) so that z/|Sg coincides with the character by which Sg 
acts on E. Then u defines a weight profile in the sense of ||GHM|| : if Q ^ Pq is a standard 
rational parabolic subgroup then set z/q = i^|Sq and 



These definitions may be extended to arbitrary rational parabolic subgroups by conjugation. 
We obtain from ||GHM|| a complex of fine sheaves, W'^C*(E) on the reductive Borel-Serre 



compactification X of X, whose (hyper)-cohomology groups W'^H*{X ,'E) are the weighted 
cohomology groups. Let i : X ^ X denote the inclusion. Recall from ||GHM|| §13 that a 
choice of basepoint induces an isomorphism 

uUm4E)) = H\mQ,E) 

between the stalk cohomology at a point x G Xq of the complex of sheaves i?z*(E) and the 
Lie algebra cohomology of 9Tq. The weighted cohomology complex is obtained by applying a 
weight truncation to the complex Ri^, (E) with the result that its stalk cohomology becomes 

Hi(W'^C-(E)) = H^i^Q, E)>.^. (12.2.1) 

12.3. Remarks on sheaf theory. In the next few sections we will need to use the formal- 
ism of the derived category of sheaves, and some relations between the standard functors, for 
which we refer to [^M|], |CM^ , Po5| , |], jGeM^ . Specifically if X is a subanalytic 



set we denote by D^{X) the bounded (cohomologically-) constructible derived category of 
sheaves of complex vectorspaces on X. An element S* G D^{X) is a complex of sheaves, 
bounded from below, whose cohomology sheaves H*(S*) are finite dimensional and are locally 
constant on each stratum of some subanalytic stratification of X. The hyper cohomology 
of S* will be denoted H*{S') and the stalk cohomology at a point x G X will be denoted 
H*{S'). Denote by S[n]' the shifted sheaf, S[n]^ = S""*"^. The derived category D^{X) sup- 
ports the standard operations of i?Hom, ®, Rf^:, Rf\, /*, and /'. There are many relations 
between these functors, of which we mention a few that we will use: 

If / : y — >■ X is a normally nonsingular embedding ( ||GM4|| §5.4) then there is a canonical 
isomorphism 

/■(S-)-r(S-)®Ox/yM (12.3.1) 

where Ox/y denotes the orientation bundle (or top exterior power) of the normal bundle of 
Y in X, and where d denotes the codimension of y in X. If / : X — pt is the map to a 
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point then Dx = /'(C) is the duahzing complex. If X is an n-dimensional manifold (or even 
a rational homology manifold) then Dx = Ox [n] where Ox denotes the orientation bundle. 

12.4. Cohomology with supports. Let X be a compact subanalytic set and let S* be a 

(cohomologically) constructible complex of sheaves on X. Suppose Y (ZW d X are locally 
closed subsets with inclusions 

Y ^ W > X 

hy jw 

Define the restriction of S* to Y with compact supports in W to be the complex of sheaves 

B* = h:yf^S\ (12.4.1) 

liY = {y} is a single point, then the cohomology of this complex is the relative cohomology 
group 

H"'{B') = H'^iB, n X, dB, n W; S"), (12.4.2) 

where B^ is a sufficiently small ball around y (with respect to some subanalytic embedding 
in Euclidean space) and dB^, is its boundary. 

Now suppose X is the reductive Borel-Serre compactification of a locally symmetric space 
X = T\G/K as in §|I23, and that S* = WC'(E) is the weighted cohomology sheaf 
constructed with respect to some weight profile u and local system E as in § |12.2| . Let 
Y = Xp be some stratum and let W = Xq be the closure of a larger stratum, corresponding 
to some rational parabolic subgroup Q D P. Form B* = /lyj^W'^C'(E) as above. Write 
Ap = i{AQ) n J as in (|2XTD . 

12.5. Theorem. The cohomology sheaf H"^ (B') is isomorphic to the local system on Xp 
which is associated to the following Lp-suhmodule of the '^p- cohomology, 

i/™-l^l(Dap,E)r,,,,j (12.5.1) 

12.6. Proof of theorem |12.5| . The proof follows closely the computation [|GHM|| §18 of 
the weighted cohomology of the link Cy. First let us recall some generalities. Each stratum 
Xp of the reductive Borel-Serre compactification X is a rational homology manifold. If F 
is neat, then each stratum is a smooth manifold. Suppose S* is a complex of sheaves whose 
cohomology sheaves are locally constant on each stratum of X. Let Y = Xp G W = Xq 
as above. The choice of basepoint Xq & D determines a basepoint y & Y. Let C X be a 
normal slice (cf. ||GM3|| §5.4) to the stratum Y at the point y. Let k : NyHW —>■ X denote 
the inclusion, and let iy and ay denote the inclusions of y into Y and NyHW respectively. 

Then the stalk cohomology of B' = hyjiY^' is given by 

H;;iB-) = H"'it;h:yr^s') ^ //"^(a^^rs-) (12.6.1) 

which in turn may be identified with the relative cohomology group 

H"'{B,nNy,dB,nNynXQ;S') (12.6.2) 
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(where is a sufficiently small ball around y, chosen with respect to some locally defined 
subanalytic embedding of X into some Euclidean space). 

These isomorphisms are deduced from the following fiber squares 



NyHW ^ Ny 



kN (12.6.3) 

Y > W ^ X 

hy jw 

where k = kj^kyy. In the case that S* = WC* we will compute ( |12.6.2|) using the long 
exact cohomology sequence for the pair. 

Step 1. Construct an isomorphism of Lp-modules, 

i^'=(95,niV,nXQ;W''C'(E)) ^i/^-l^l+i(^P,E)r,^,,j ©i7^(Dlp,E)>,^ (12.6.4) 

In order to simplify notation, let us choose a labeling {ai, •••,««} = of the simple 
roots. As in |pHM|| §8.8, the link Cy = dB^HNy comes with a natural mapping 6 : Cy >'^~^ 
to the s — 1 dimensional simplex. 



{{xi,X2, ■ ■ . , Xg) G M'^l < a;j < 1 and Xi = 1} 



For any subset J C {1, 2, . . . , s} let J denote its complement. Associated to J there is a 
(closed) face of dimension | J| — 1, 

>j = {x e >'''^\ Xj = for all j G J} 

whose interior we denote by >}. Each >|j} is a vertex of >'^^^; the face >j is spanned by the 
vertices >{j} such that j G J. Let U^jy = St(j>{jj) be the open star of the vertex >{j}. These 
form a covering of >*^^ whose multi-intersections we denote by 

Then 

Uj = Sti^^j) = [j{F°\ F is a face of t>'-^ and F D t>j} 

is the open star of the interior of the face >j. 

If we think of stratifying the simplex >^~^ by the interiors of its faces, then the mapping 
6 : Cy ^ >''~^ is a stratified mapping: for any J C {1,2,... ,s} it maps Cy fl -^p(j) to the 
interior >} of the face >j, and in particular 

CynXQ = 6-\>i). 
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The fiber over any interior point s G is the nilmanifold (F fl LIq)\Uq. As in ||GHM|| §18.5, 
the (weighted) cohomology of Cy fl Xq can be computed using the Mayer- Vietoris spectral 
sequence for the covering by open stars (for i & I), 

% = r^(t/|,}n>,) 

of the vertices of >/. Set Vj = 6^^{Uj fl >/). The groups are cohomology groups of 
multi-intersections of open sets in this covering, and were computed in ||GHM ] lemma 18.5, 



\J\=a+l 
JCI 



J6J 



\J\=a+l 
JCI 



H\^p,E) 



\J\=a+l 
JCI 



The El differential is given (up to sign) by inclusion, so the argument of | |GH1V1| ] §18.7 
applies here as well: the spectral sequence collapses at E2, which has only two possibly 
nonzero columns: i?2'^ = H^{^p^E)>j,p and, using ( |12.1.3| ), 



E. 



\i\-i,b 



H\mp,E) 



J2 H\mp,E) 



H\mp,E)^,pj^ 



\K\ = \I\-l 
KCI 



which contributes to W'^H*{6 ^St{>j), E) in degree |/| — 1 + b. So we obtain a split short 
exact sequence (with c = |/| — 1 + 6), 

^ H'-\'\+\mp, E)r,^,,j ^ WH'^iCy n Xq; E) H'^imp, E)>,p ^ 

which completes the proof of (|12.6.4|) . 



Step 2. As in ||GH1V1|| §18.11, the long exact sequence for the pair ( |12.6.2| ) splits into split 
short exact sequences. 



^ H%B, n Ny) ^ H%dB, nNyH Xq) -> H^'+^B, n Ny, dB, n iV^ n X 



0. 



But H*{B, n Ny) = H*{B,) = H*{^p, E)>^p is the st alk coh omology at y of the weighted 
cohomology sheaf. This kills the second summand in (|12.6.4 ), leaving 



H-(B-) 



if™(5, n Ny, dB, n X, n Xq- w^c*(e)) = h^-\'\^p, E)r,^,,j 
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;i2.6.5) 



Step 3. We briefly indicate why the isomorphism ( |12.6.5| ) extends to an isomorphism of flat 
vectorbundles on Xp, 



m(B') = i7"^-l^l(0Tp,E)r,,,,j xr,,,) Lp/KpAp 

(where Tl(^p) = up^T fl P) is the projection of F fl P to the Levi quotient Lp and where it 
acts on H*{^p,E) by conjugation). Let i : X X denote the inclusion. In |pHM|| §17, 
special differential forms are used in order to identify the restriction lI'^{Ri^,E)\Xp with the 
flat vectorbundle 

i/'"(01p,E)r,,,^j xr,(,) Lp/KpAp. 

But each of the cohomology groups appearing in Step 2 (above) is an Lp-submodule of 
_f/'*(D^P, E) and the corresponding bundle on Xp is a sub-bundle of ii*Ri^(E) \Xp (while the 
shift by |/| corresponds to tensoring with a trivial vectorbundle on Xp). So it suffices to 
verify that the stalk cohomology modules agree at the basepoint, which we have done. □ 



12.7. Kostant's theorem. In this section we will use Kostant's theorem [[Ko|| to explicitly 
evaluate the cohomology group ( [L2.5.1|) . Let B C G be a Borel subgroup (over C), chosen 



so that B(C) C Po(C) C P(C). Choose a maximal torus T (over C) of G so that 

Sp(C) C So(C) C T(C) C Bl(C) (12.7.1) 

where Bl = BflLp is the corresponding Borel subgroup of Lp. This gives rise to root systems 
$G = $(G(C),T(C)) and $l = <I>(Lp(C), T(C)) with positive roots $^ = <I)(Wb(C), T(C)) 
and = $L n (determined by the Borel subgroups B C G and Bl C Lp respectively.) 
Let pB = l Eag$+ «• 

Let Wg = W{G{C), T(C)) denote the Weyl group of G(C) and let Wp = l^(Lp(C), T(C)) 
denote the Weyl group of Lp(C). The choice of B determines a length function i on Wg- 
Let Wp C Wg denote the set of Kostant representatives: the unique elements of minimal 



length from each of the cosets Wpx G Wp\Wg- As in [pp| §10.2 or |[Vo|| §3.2.1, it may also 
be described as the set 

W}. = {we W\ w-\^t) C $g} 

(and depends on the choice of Bl C Lp). 

If /5 G x*(T(C)) is BL-dominant, let us write for the irreducible Lp-representation with 
highest weight (3. Let Xp G x*(T(C)) be the highest weight of the irreducible representation 
E of G. Kostant's theorem states that for all w G Wp, the weight w{Xb + Pb) — Pb is 
BL-dominant, and that as an Lp-module, the cohomology group W{^p,E) is isomorphic 
to 



f'(Ae+ps)-pJ weW}, and l{w) = i}. 
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If w G Wg then the character w{Xb + Pb) — ps — is trivial on Sg so we may define 

Uw) = {ae Ap\ {{wiXB + Pb) - Pb - iy)\S'p, t^) < 0} (12.7.2) 

where {to} form the basis of the cocharacter group X?(Sp) which is dual to the basis Ap of 
simple roots, cf. (|12.1.1| ). So in the notation of (|12.1.1|) , 



Iy{w) = 1^(7) where 7 = {w{Xb + Pb) - Pb)\ Sp. 
To summarize we have, 

12.8. Proposition. Kostant's theorem determines an isomorphism of graded hp -modules, 

if*(Dap,E)r.„,j- Kf(A.+P.)-PB[-%)] (12.8.1) 

I^(w)=I 

where the sum is taken over all w G Wp such that Iy{w) = I , and where Vp[—m] means 
that the irreducible L-p-module appears in degree m. 

13. Lefschetz numbers 

13.1. In this section we recall the Lefschetz fixed point theorem for hyperbolic correspon- 
dences from IGMl 510.3. 



Suppose C, X and Y are compact subanalytic spaces and that c = (ci, C2) : C ^ X x F 
is a subanalytic mapping. (The bars are used so that the notation here will agree with 
that in the rest of the paper.) Let S* G D^[X) be a (bounded from below) complex of 
(cohomologically) constructible sheaves on X and let T* G D^{Y) be a (bounded from 
below) complex of (cohomologically) constructible sheaves on Y . Since c is proper we have 
c* = ci. A lift of the correspondence C to the sheaf level ( ||V^ , [Gl| , |Bo5|| ) is a morphism 



$:c;T'-^c-S' (13.1.1) 

Such a morphism induces a homomorphism H*(Y; T') — > H*{X; S*) as follows. First apply 
{ci)\ and adjunction to obtain a morphism 

(ci),c;T' ^ (ci)!C- S* ^ S* (13.1.2) 

Let p : X ^ pt and g : F ^ pt be the map to a point. Then the diagram 

XxY > Y 

7r2 



X > pt 

p 
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is a fiber square so there is an adjunction natural transformation ||GM2|| (2.6b), q\{7T2)* — »• 
p*(7ri)!. Apply q\ to the adjunction morphism T* —>■ (c2)*C2T* and use ( |13.1.2| ) to obtain 

g,T* ^ g,(c2)*c;T' = 5,(712), c.c^T* 

p*(7ri)!C,C2T* = p^,{ci)\clT' — > p^S' 

This morphism induces the desired mapping on cohomology. (It may also be constructed 
by applying ^1(02)* to (|13.1.1|) rather than q*{ci)\.) 

In what follows, we suppose X = Y and S* = T', so c = (ci,C2) : C — > X x X is a 
correspondence on X and $ : 028* c[S* is a lift to the sheaf level. The Lefschetz fixed 
point theorem states that the resulting Lefschetz number 

L{S',C) = J2^^ ('^* ■ H'(X] S') ^ H'(X] S')) = L{S',C, F) 

i>0 F 

is a sum of locally defined contributions L{S',C,F), one for each connected component 
F C C of the fixed point set of the correspondence C. 

Let F C C be a connected component of the fixed point set and suppose that the corre- 
spondence C is weakly hyperbolic (§ |11.7|) near F' = ci{F) = C2{F) with indicator mapping 
t : W ^ ]R>o X M>o. (This means that C X is a neighborhood of F', that t is a proper 
subanalytic mapping such that t~^(0,0) = F', and that for all x G Ci^{W) fl C2^(W) we 
have tiCi(x) < tiC2(x) and t2Ci(x) > t2C2(x).) Denote by h and j the inclusions 

F' t-\m>o X {0}) X 

of F' into the "expanding set" or "unstable manifold" F^ = t^^(M>o x {0}), and of F^ into 
X. 

Let A* = h-j*{S') as in §|2]|. Then the lift $ determines a lift : c^A' ^ c^A' which, 
by adjunction, induces an endormorphism \E' : A* A* (which covers the identity mapping 
on F'). In iGM2| we prove: 

13.2. Theorem. The contribution L{S*, C, F) of F to the global Lefschetz number L{S', C) 
is given by 

L{S',C,F) = ^(-l)*rr(^* : H\F'-A') H\F'-A')) 

Moreover, if F' = Y[^=i stratified so that the pointwise Lefschetz number n{x) = 
^.>g(— l)*Tr(\E'* : if*(A*) iJ*(A*)) is constant on each stratum, then the local contri- 
bution is the sum over strata, 

m 

L{S',C,F) = Y,Xc{F'^)n{x^) (13.2.1) 
0=1 

(where Xa € F'^ and where Xc denotes the Euler characteristic with compact supports). 
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13.3. Morphisms and weighted cohomology. In this section we show how to lift any 

morphism to the weighted cohomology sheaf. As in §^ G denotes a connected linear re- 
ductive algebraic group defined over Q, D denotes the associated symmetric space, K' = 
AgK{xo) is the stabilizer in G of a fixed basepoint Xq E D, T G G(Q) is a neat arithmetic 
group and X = r\D. As in § |12.2| let r : G ^ GL{E) be a finite dimensional irreducible 



representation on some complex vectorspace. It gives rise to the local coefficient system (flat 
homogeneous vectorbundle) E = {G/K') Xr -E which is the quotient of {G/K') x E under 
the equivalence relation {xK',v) ~ (7X-ft'', r(7)f ) for all 7 G F. Denote by [xK',v\ G E the 
resulting equivalence class. Let Pq be the standard minimal rational parabolic subgroup 
with So = Spg. Fix u G Xq(So) so that z/|Sg coincides with the character by which Sg acts 
on E and let W'^C*(X; E) denote the resulting weighted cohomology complex of sheaves on 
X. 

Suppose F' C F is a subgroup of finite index, set G = T'\G/K, and let / : C ^ X 
be a morphism, i.e., there exists g G G(Q) such that gT'g^^ C F and f{T'xK) = TgxK. 
Let E' ^ C be the local coefficient system on G which is determined by the representation 
T : G ^ GL[E). The morphism / is covered by a mapping E' ^ E of local systems given 
by [xK,v] I—*- [gxK,T{g)v]. This mapping is easily seen to be well defined, and it induces 
an isomorphism of local systems E' = /*(E) on G. Since / : C — X is an unramified 
finite covering, it further induces a canonical quasi-isomorphism of the sheaves of smooth 
differential forms with coefficients in this local system, /*f2*(X; E) — >■ 0*(C; E'). 

The morphism / : C — > X admits a unique continuous extension / : C ^ X to the 
reductive Borel-Serre compactifications (Lemma |6.3| ). U ic '■ G G and ix '■ X X 
denote the inclusions then the adjunction mapping [pM2|| equation (2.5a), 

T{tx).n'{X;E) itc)J*n'iX;E) itc).n'{G;E) 

is a quasi-isomorphism. It is easy to see that this induces a quasi-isomorphism 

7*W^C'(X; E) ^ WC'iC; E') (13.3.1) 

of weighted cohomology sheaves. (In fact the whole construction of the weighted cohomology 
sheaf on X pulls back to the construction of weighted cohomology on G.) 

Let ^ G G(Q). Then g gives rise to a Hecke correspondence (ci,C2 ) : G ^ X. Here, G 
is the reductive Borel-Serre compactification of C = T'\G / K with F' = F fl g^^Vg. Both 
mappings Ci and C2 are finite so there are natural isomorphisms of functors c* = q and 
(cj)* = {ci)\ (for i = 1,2). From the preceding paragraph we obtain a canonical lift 

$ : c;W^C'(X; E) ^ c' W^C'(X; E) (13.3.2) 

to the weighted cohomology sheaves, which is given by the composition 

c^WC*(X;E) WC'{C]E) c*W^C'(X;E) = 4W^C'(X;E). 
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13.4. Computation of the local contribution. For the remainder of §|T3|, fix a Hecke 
correspondence C ^ X which is determined by some element g G G(Q). Fix a regular 
F-equivariant parameter b & B which is so large that the resulting tilings {D^} of D, {X^} 
of X and {C^} of C are narrow ( §6.11| ) with respect to the Hecke correspondence. Choose 



t G ^Po(> 1) to be regular, dominant, and sufficiently close to 1 as in Proposition |11.2| , with 
resulting shrink homeomorphism Sh{t), and let (c'^,C2) : C =^ X be the resulting modified 
correspondence. It is easy to see that S'/i(t)*(W'^C') = W^C* so we may consider ( |13.3.2|) 
to be a lift of the modified correspondence as well. 

Suppose the Hecke correspondence preserves some stratum Cp. According to Proposition 
|7.3| , locally near Cp the correspondence is isomorphic to the parabolic Hecke correspondence 
r'p\D[P] =^ rp\D[P] which is given by some y G P(Q) PlF^fF and to which we may associate 
a decomposition Ap = Ap U A J, U Ap of the simple roots. Suppose that Cp contains 
fixed points and denote by -Fp(e) C Cp the set of fixed points with characteristic element 
eGFi^Fi cLp(Q). 

By Proposition the torus factor Og G of e coincides with the torus factor ay so the 
set Ap (resp. Ap, resp. Ap) consists of those simple roots a G Ap for which a(ae) < 
(resp. > 0, resp. = 0). Hence we may write Ap = Ap(e) (resp. Ap = Ap(e), resp. 
A?> = AOp(e)). 

As in § |12.7| , choose a Borel pair T(C) C B(C) so that ( |12.7.1 ) holds. Assume the local 



system E arises from an irreducible representation of G with highest weight Ap G x*(T(C)). 
Let Pp = I G x*(T(C)) denote the half-sum of the positive roots. Let r = [FflWp : 

F'nWp]. 

13.5. Theorem. The contribution to the Lefschetz number from the fixed point constituent 
Fpie) is: 



rXe(Fp(e))(-l)l^f J] {-lY^-^Tr{e''-X^^,^,,)-,,] 

/,.(t«)=A+(e) 



where luiw) is defined in (\12.7.^ . 



The proof will occupy the rest of this section. 



13.6. The nilmanifold correspondence. The Hecke correspondence C =^ X extends to 
a correspondence on the Borel-Serre compactification 

C^X (13.6.1) 

which is compatible with the projection /i : X ^ X to the redutive Borel-Serre compactifi- 
cation. Let w' G Fp{e) and set w = Ci{w') = C2{w'). The restriction of the correspondence 
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to the relevant Borel-Serre stratum is given by 

= T'p\P/KpAp ^Yp = Tp\P/KpAp (13.6.2) 
r'pxKpAp ^ {rpxKpAp,rpyxKpAp). (13.6.3) 

(Here, T'p = Tpn y-^Tpy.) The fibers Np = i^-\w) C Yp and N'p = (/i')"^^^') C F/, 
are nilmanifolds isomorphic to Tu\Up and r[^\W respectively, where F^^ = Fp fl Wp and 
T'u = T'p n Up = F n y~^Vuy. So the correspondence |13.6.1| restricts to a correspondence 
N'p =^ A'^p which will be described below. The following diagram may help in sorting out 
these spaces. 



N'p^Np Y^^Yp C^X 





in 




in 



















w'^w Cp^Xp C^X 

13.7. Lemma. Let cj) : Lp —>■ GL{H*{^p,E)) denote the adjoint representation of the 
Levi quotient Lp on the Lie algebra cohomology of DTp. Let w' G Fp[e) he a fixed point 
in Cp with characteristic element e G Lp. Then the nilmanifold correspondence (ci,C2) : 
N'p =^ Np induces a mapping (ci)*C2 : H*{Np,E) H*{Np,E) on cohomology which, 
under the Nomizu-van Est isomorphism H*{Np, E) = iJ*(D^p, E) may be identified with the 
homomorphism 

where r = [Tu : T'^]. 

13.8. Proof. First we find equations for the nilmanifold correspondence. Choose a lift 
xKpAp G -D = P/KpAp of the fixed point w' = T'pxKpApUp G Cp. This determines a 
parametrization of the nilmanifold Np by 

Vu\U — >Np(lYp = Vp\P/KpAp (13.8.1) 
Tuz ^ TpzxKpAp (13.8.2) 

and similarly F[^\W — > N'p by V'^z ^ V'pZxKpAp. 

Since w' is fixed, we have V pxUpKpAp = V pyxlApKpAp hence there exists 7 G Fp 
and u & Up so that 'jyuxKpAp = xKpAp, in other words, so that •jyu fixes the point 
xKpAp in the Borel-Serre boundary component P/KpAp. Then e = i'p{'jy) = i'p{'jyu) is 
the characteristic element of the fixed point w'. Define N'p =^ Np by 

r'i,z ^ {Tuz, ru{iy)zu-\^y)-'). (13.8.3) 
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A simple calculation shows that the following diagram commutes, 

( |l3.8.3| ) 

T'^\U ^ Tu\U 



( |l3.8.2| ) 



^ p 



(13.6.3) 



Yp 



Next we will apply the theorem of Nomizu ||Nol|| and van Est @ to this correspondence. 
The local system E X which is defined by the representation t : G GL{E) extends 
canonically to a local system on the Borel-Serre compactification X and its restriction to 
the nilmanifold Np is given by the quotient E|A'"p = U Xp^ E under the relation {z,v) ~ 
(7Z, r(7)f ) (for 7 G Tu, z G Up, and v G E). The complex Q'{Np,Ei) of smooth E-valued 
differential forms on Np consists of sections of the (flat) vectorbundle 

C'{Np, E) = Wp C'i^p, E) 

where C*{^p,E) = Homc(A*D^p, -E) is the complex of Lie algebra cochains. Let be the 
representation of P on this complex: if A'Ad(p) : A'Dlp A*D^p denotes the adjoint action 
of p G P on the exterior algebra of Dip, then 

(f){p){s) = t{p) o so A'Ad(p). 

Denote by 

n'„,(Wp, E) = {u:Up^ C"(Dlp, E) I u{ux) = (f){u)uj{x) for all u,x e Up} (13.8.4) 

the complex of (left) Wp-invariant i?-valued differential forms on Up. Such a differential 
form is determined by its value s = uj{l) G C"(9Tp,-E'), and it passes to a differential form 
on Np. Denote by Q'j^^{Np,E) the collection of all such "left "-invariant differential forms. 
The Nomizu-van Est theorem ( jNoTj g)states that the inclusion Q'^^{Np,E) Q'{Np,E) 
induces an isomorphism on cohomology. In summary we have a diagram 



C'i^P,E) 



ni,{Np,E)^n-iNp,E) 



of isomorphisms and quasi-isomorphisms. Although the group P does not act on the vec- 
torbundle C'(A''p,E), it does act on the complex Q*^^{Np,E) = fl*^-^(Up, E) of invariant 
sections by 

{p ■ U!){x) = (t){jp)^^Uj{pxp^^) 

and the group Up acts on this complex by 

{u ■ uj){x) = uj{xu~^). 
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Hue ^l*^^^{Np, E) is given by ( |13.8.4| ) then by ( |13.8.3| ) its pullback by C2 is given by 
Evaluating at 2; = 1 and using the fact that uj is left invariant, 

c;m(i) = 0(w)-V(7i/)"'^(i). 

Let s = Lu{l) G C'{^p,E), suppose ds = and let [s] E H*{^p,E) be the resulting 
cohomology class. Since Up acts trivially on this cohomology, 

c;{[s]) = He)-'[s] 

where e = vp{'-jy) is the characteristic element of the fixed point w. Finally, observe that 
the pushforward mapping {ci)^, : if*(iVp,E) — H*{Np,'Ei) is given by multiplication by 
r = [r^ : r[^] . This completes the proof of lemma |13.7| . □ 

13.9. Proof of Theorem |13.5| . We will apply the Lefschetz fixed point formula to the 
modified Hecke correspondence. By Proposition [11.2 , after modifying the correspondence 



by composing with Sh{t), the fixed point constituent Fp{e) becomes "truncated", that is, 
it becomes replaced by the intersection Fp{e) = Fp{e) fl Cp of Fp{e) with the central tile 
in Cp. Denote by dF^ = Fp{e) fl dCp its intersection with the boundary of the central tile. 
Set F' = ci(Fp(e)) = C2(Fp(e)). Set E = F' n X'^ = Ci(F]^(e)) and dE = F' n dX^p = 
Ci{dF^). (Having used up all the letters some time ago, we temporarily re-use the notation 
E here, hoping the reader will not confuse it with the local system.) Note that E — dE is 
diffeomorphic to F'. 



By theorem |11.9| the (modified) Hecke correspondence is weakly hyperbolic near Fp{e) 



and an indicator mapping (defined in a neighborhood U G X oi F') is given by 



p 



Let Q D P be the rational parabolic subgroup corresponding to the subset / = Ap C Ap 
consisting of the simple roots for which the Hecke correspondence is (strictly) expanding. 
Then, in the notation of ( 2.4. 1|) , Ap = ?(Aq)HAp. The partial distance function vanishes 



on the stratum Xq whenever a E ApU A%, cf. (|3X^ ). Hence XgHU = t'^iRyo x {0}) is 
the "expanding set" of the correspondence. 

According to Theorem |13.2| we need to compute the stalk cohomology (at points w E E) 
of the sheaf 

A* = h-f WC'{E) 

where 

E > Xq > X. 

h j 
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This is best accomplished by decomposing h, 



E > F' > Xp > Xq > X 

hi h2 hs j 

Then B* = h'^j*W^ C*(E) is the sheaf studied in Theorem |12.5| , where we have taken 
/ = At. Its stalk CO homology is locally constant on Xp and was shown to be 



Since /i2 is a smooth closed embedding we have a canonical quasi-isomorphism ( |12.3.1|) 

C := 4 B* = h;{B') ® 0[-c\ 

where c = dim(Xp) — dim(F' fl Xp) and where O is the orientation bundle (i.e. the top 
exterior power) of the normal bundle of F'CiXp in Xp. The complex C* is constructible with 
respect to the stratification of X, meaning that its cohomology sheaves are locally constant 
on Xp, hence also on E. But E is a. manifold with boundary, so 

Iv^C ^ iiC'\{E - dE) (13.9.2) 

is obtained by first restricting to the interior E — dE and then extending by 0. (Here, 
i : E — dE E denotes the inclusion.) Thus the cohomology of h[C* is the compactly 
supported cohomology Hi{E - dE; C) ^ Hi{F'; C). 

Next we must compute the pointwise Lefschetz number n{w) for w ^ E, that is, the 
alternating sum of the traces on the stalk cohomology of A* = h[C'. By ( |13.9.2| ) it is 
when w G dE, so let w ^ E — dE. Then 

HUC') = Hl-^ih;B'®0) (13.9.3) 

= ff-'=-I^Jl(mp,E)p^^^^jj ® O^. (13.9.4) 

By §8.(j| , the mapping ci : Fp(e) — > F' is a covering of degree d = [Tl H y'^Viy : 
vpiVp n y^^Vpy)]. Near each fixed point w' G c^^{w) the Hecke correspondence acts on the 
9Tp-cohomology through the homomorphism r0(e~^) (using Lemma |13.7| ), and by §8.7| it 
acts on Oyj by (— l)'^. Summing these contributions over the d different points in c]~ [w) 
gives 



rf,(_l)— |a;i ^(_i)^Tr(0(e-i); H\^p, E) p^^^^.j ) (13.9.5) 
rf,(_l)|Ajl ^ (-l)'(^)Tr(e-^K(A,+p,)-pJ (13.9.6) 
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by Proposition |12.8| . The contribution arising from Fp{e) is this quantity times Xc{E—dE) = 
Xc{F'). However (by §8.6|), Xc{Fp{e)) = dxc{F') which absorbs the factor of d in ( |13.9.6| ) 
and therefore completes the proof of Theorem |13.5| . □ 



14. Proof of Theorem O 



14.1. As in §0, G denotes a connected reductive hnear algebraic group defined over Q, 
D = G/K' is its associated symmetric space with basepoint xq E D and stabilizer K' = 
AgK{xq). Let r C G(Q) denote an arithmetic subgroup which we assume to be neat, and 
X = r\D. Throughout this section we fix a Hecke correspondence (ci, C2) : C =^ X defined 
by some element g G G(Q). So C = r'\D with P' = P fl g~^Tg. We also fix a P-equivariant 
tiling of D which is narrow with respect to the Hecke correspondence. Choose t G ^Po(> 1) 



in accordance with Proposition 11.2 



Let F C C denote the (full) fixed point set of the Hecke correspondence C ^ X and let 
E denote the (full) fixed point set of the modified Hecke correspondence ( 11.1.1| ). Then 

F = Y[F n Cp and E = Y[FnC'^P 

{P} {P} 



where the union is over the strata of C, that is, over P'-conjugacy classes of rational parabolic 
subgroups P C G. Each F fl Cp is a union of connected components of E by Proposition 
11. 2| . The Lefschetz fixed point theorem (Theorem |13.2|) may be used to write the Lefschetz 
number as a sum over these individual strata. 

14.2. Contribution from a single stratum. Let P C G be a rational parabolic subgroup 
and suppose that Ci(Cp) = C2{Cp) = Xp. By Proposition [7^ , in a neighborhood of Cp 
the correspondence is isomorphic to the parabolic Hecke correspondence determined by 
some y G Pf^P fl P and moreover (in this neighborhood) the fixed points of the modified 
correspondence coincide with those of E n Cp = F n Cp. 

If Fp{e) denotes the set of fixed points in Cp with characteristic element e G Pl|/Pl, then 



by Proposition 8.4 



FnCp 



(14.2.1) 



Y[ Fp{e) and En Cp = Y[ Ff 

{e} {e} 

where the union is over P^,— conjugacy classes of elements {e} C P^^yP^, which are elliptic 
modulo Ap. (Here, Pl = z/p(P (1 P) G Lp and y = vpiy).) For each such conjugacy class 
{e}, the set Fp(e) consists of finitely many connected components, say, Fi, Fi, . . . , Fm- The 
contribution to the Lefschetz number from the component Fj is given by Theorem p.3.5| . By 
( ^.4.1| ) (see also 



m §|157|), 

m 

Y.^c{F, 



XciFpie)) = XciK\LJK] 



i=i 
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So the contribution to the Lefschetz number from the stratum Cp 



Xp is 



1. yL ^ 

' ^ w{\b+Pb)-Pb' 



(14.2.2) 



/,(«))=A+(e) 



where the index set for the first sum is the same as that for the union in ( 14.2.1 ). This 
quantity L{P,y) depends only on the local system E, the choice of parabolic subgroup P 
and the element y G P. 

14.3. Sum over strata. Let Pi, P2, ... , P* denote a collection of representatives, one from 
each F-conjugacy class of rational parabolic subgroups P C G. These index the strata of X. 
For each such i the intersection TgT fl Pi decomposes: 



TgTnPi = l[Tp^yi^Tp^. 



Lemma |7|^ gives a one-to-one correspondence between this collection {yij} and strata Cij 
of C such that ci{Cij) = C2{Cij). Moreover the restriction of the Hecke correspondence to a 
neighborhood of Cij is locally isomorphic to the parabolic Hecke correspondence defined by 
yij so the local contribution to the Lefschetz number from Cij equals the number L{Pi,yij) 
given in ( |14.2.2|) . In summary, the total Lefschetz number is 



(14.3.1) 



as claimed in Theorem O . 



□ 



14.4. Another formula. If a little expansion Sh{t)~^ is used instead of the shrink, this 
will convert neutral directions normal to each stratum into expanding directions, and it will 
convert the tangential distance into a contracting direction. An indicator mapping replacing 
( I13XTD is 



t{x) = { ^"(^)' ^"(^)+^^^^(^)) 



This changes the nature of the sheaf A* with the result that the Euler characteristic (rather 
than the Euler characteristic with compact supports) appears in the formula. So, in equation 
( |14.3.1 ), the contribution L{P,y) ( p,4.2.2 ) from the stratum Cp ^ Xp will be replaced by 
the quantity 



L'{P,y) = i:r(-l)'^J^^?''x(n\^e/i^':) E (-l)^(-)Tr(e-^K 



) 



7,{«))=A+UA0 
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where the summations are over the same index sets as in ( |14.2.2|) , and where A+ = A+(e) 
and A^p = A%{e 

15. Remarks on the Euler characteristic 



As in G denotes a connected hnear reductive algebraic group defined over Q; D denotes 
the associated symmetric space; Sg denotes the greatest Q-spht torus in the center of G; 

= Sg(I^)° denotes the identity component of its real points; K' = AqK is the stabilizer 
in G of a fixed basepoint xq G -D; F C G(Q) is an arithmetic group, and X = r\D. Recall 
the following classical result of Harder (a more streamlined proof of which may be found 



m 



15.1. Theorem. The Euler characteristic x{^) ^■^ given by the integral over X of the Euler 
form with respect to any invariant Riemannian metric on X. □ 

For completeness we also include a proof of the following often-cited fact. 

15.2. Lemma. Suppose the real Lie group G/Aq does not contain a compact maximal torus. 
Then the Euler form vanishes identically on X. 

15.3. Proof. By replacing G by the algebraic group °G (and noting that X = T^'G/K), 
we may assume that Sg is trivial. Let g = © p be the Cartan decomposition of Lie(G) 
corresponding to the choice K of maximal compact subgroup. Choose a i^-invariant inner 
product on p. This determines a G-invariant Riemannian metric on D = G/K which passes 
to a Riemannian metric on X. Let Q be the curvature form of the torsion-free Levi-Civita 
connection which is associated to this metric. The resulting Euler form Eu is defined to be 
if dim(D) is odd. If dim(D) = 2k then Eu is the G-invariant differential form on D whose 
value at the basepoint Xq is Eu{xi,yi,X2,y2, ■ ■ ■ ,ik,yk) = • • • ,^{ik,yk)) (for 
any Xi, ... , G p = T^^D), where P is the polarization of the Pfaffian Pf : End(p)^ M. 
(Here, End(p)~ denotes the skew-adjoint endomorphisms of p.) The form Eu on D passes 
to a differential form on X = T\D^ which is the Euler form for X. 

Let Ad : K —>■ GL(p) be the adjoint representation and let ad : i ^ End(p)~ be its 
derivative. We claim that det{ad{k)) = for any G Modify k by conjugacy if necessary, 
so as to guarantee that k lies in a maximal torus t C 5 which is stable under the Cartan 
involution ( |[Wa|| §1.2, 1.3). Then t = t+ © t_ with t+ C t and t_ C p. By assumption, t_ 
contains a nonzero vector t, and ad{k){t) = [k,t\ = 0, which proves the claim. 

The principal i^'-bundle G ^ D = G / K admits a canonical G-invariant connection ( |[KN 



Chapt. II Thm. 11.5). Its curvature form uj G ^^(D,fi) is the G-invariant differential form 
whose value at the basepoint Xq is given by ujq{pi,P2) = — [^1,^2] G t for any pi,p2 G p. 
By a theorem of Nomizu |[No2|| , for any real representation \ : K ^ GL(£'), the resulting 



connection in the associated G-homogeneous vectorbundle E = G X/< coincides with the 
torsion-free metric (Levi-Civita) connection of any G-invariant metric on E. Its curvature is 
the G-invariant End(E)-valued differential form whose value at the basepoint is VLq = X' oujq 
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where X' : t End(£') is the differential of A. Taking A = Ad : K —>■ GL(p) as above gives 
fio(pi;P2) = —CLd{[pi,P2])- By the above claim, this has determinant hence its Pfaffian 
vanishes also. Therefore the Euler form is zero on D, so it is also zero on X. □ 

15.4. Lemma. Let X = T\G/ KAq as above. Then the Euler characteristic and the Euler 
characteristic with compact supports coincide: x{^) = Xc{X). 

15.5. Proof. Let X denote the Bore-Serre compactification of X. Topologically, it is a 
manifold with boundary dX = X — X. Since Hl{X) = W{X, dX), it suffices to show that 
x{dX) = 0. The boundary dX is a union of finitely many boundary strata Yp, each of which 
fibers over the corresponding stratum Xp (of the reductive Borel-Serre compactification) 
with fiber a nihnanifold Np (cf. §|2]|, [13X1) . So x(>p) = x{Np)x{Xp) = 0. It follows from 



Mayer- Vietoris that x{dX) = 0. □ 
The above results together give: 

15.6. Proposition. Suppose (G/Sg) (M.) does not contain a compact maximal torus. Then 
x(X) = Xc{X) = 0, that is, both the Euler characteristic and the Euler characteristic with 
compact supports vanish. □ 

15.7. Euler characteristic of a fixed point component. Now suppose that Xp C X 
is a boundary stratum corresponding to a rational parabolic subgroup P = UpLp. Let 
Fp{e) C Xp be the set of fixed points with some fixed (elliptic) characteristic element 
e G Lp(Q). Let be the centralizer of e in Lp. By (|8XT| ), Fp{e) = T'^\LJK'^ where 
Fg = V'^ n Le and where Kg = Le fl {z{KpAp)z^^) (for appropriate z). By § |8^ , 

Xc{Fp{e)) = dxc{r,\Le/K) (15.7.1) 

where Fg = F^ fl Lg and d = [F^ : F'^]. This expression has the following merit. The 



contribution (|14.2.2| ) to the Lefschetz number from the stratum Cp depends on the subgroup 
T'p C Fp. However once this expression (|15.7.1| ) has been substituted into (|14.2.2| ), the 
dependency on this subgroup Fp occurs only in the two integers r and d. 

Let Se be the greatest Q-split torus in the center of and let A^, be the identity component 
of its group of real points. As explained in ||GK]VI|| §7.11, the group K'^ does not necessarily 
contain Se(M), so although Fp{e) is not necessarily a "locally symmetric space" in the sense 
of it fibers over the locally symmetric space r'^\Le/K'^Ag with fiber A^/Ap which is 
diffeomorphic to a Euclidean space. Therefore 

Xc{Fp{e)) = {-ir'^^^^/^-hc{K\LjK,A,) = {-if^^^^/^-UxcirMe/KeA,) 

(where Ke = LeH {zKpz'^)). 

Now suppose that Lp/Ap does not contain a compact maximal torus. Then the same 



is true of Le/Ap. If A^ = Ap then it follows from Proposition [15. 6| that x{Fp{e)) = 
Xc{Fp{e)) = 0. However it is not the case in general that A^, = Ap. It is possible that 
Le/Ae does contain a compact maximal torus and that x{Fp{e)) ^ (in which case Fp{e) 
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is necessarily non-compact since it is fibered by Ae/Ap as described above). See Example 
|16.4| in which = A^ and Fp{e) = A^/Ap is the orbit of a split torus. In such cases it is 
possible to re-attribute the contribution ( p.4.2.2| ) (to the Lefschetz number) from the stratum 
Cp =^ Xp to smaller strata in the correspondence. This procedure is carried out in ||GKM 



p. 531, resulting in a Lefschetz formula in which the only nonzero contributions come from 
strata Cp =^ Xp such that Lp has a compact maximal torus. 

In the adelic setting, the Euler characteristic with compact support Xc(-^p(e)) can be 
expressed in terms of orbital integrals (cf ||GKM ] §7.11 and §7.14). 



16. Examples and special cases 

16.1. Reducible fixed point components. For G = S'L(3,M), D = G/K, and T C 
SL{3, Z) a neat principal congruence subgroup, the reductive Borel-Serre compactification X 
contains a singular 0-dimensional stratum Xp corresponding to the standard Borel subgroup 
B. This stratum is contained in the closures of the strata Xp-^ and Xp^ corresponding to the 
standard maximal parabolic subgroups Pi,P2 containing B. Let g he a generic element of 
G(Q) nW(Pi) nW(P2) which is not in F, for example, 

A A 

9=\0 1 . 
\0 ij 

Let C =^ X be the resulting Hecke correspondence. Then these three strata Xpj^,Xp^, and 
Xp are fixed by the correspondence. However points in X which are sufficiently close to 
these strata are not fixed. 



16.2. Middle weight for Sp4. Let G = Sp4, fix a neat arithmetic subgroup F C G(Q), 
and choose a Hecke correspondence C ^ X which is determined by some g G G(Q). If P 
is a minimal parabolic subgroup of G then its Levi quotient Lp = Sp is a maximal split 
torus and the boundary stratum Cp consists of a single point. Suppose this point is an 
isolated fixed point of the Hecke correspondence. Let e be its characteristic element. The 
vectorspace Xq(Sp) has a basis consisting of the simple roots Ap = Let {taytp} 

be the dual basis of x^(Sp), so that {l3,t/s) = 1, {l3,ta) = and the same with a and /? 
interchanged. See Figure ||. 

Let us take E to be the trivial local system, and the weight profile u = —pp to be the 
middle weight (where pp is the half-sum of the positive roots). The cohomology if*(9^p, C) 
decomposes into a sum of 1-dimensional weight spaces, 

V^,^.p^GH'^^\^pX) 

w & W varies over the elements of the full Weyl group. These weights are the dots in the 
left hand part of Figure |^, in which the origin is at —p p . For each weight space indexed by 
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X*(Sp) 



Figure 6. Simple roots and dual basis 



a given w ^ W we have indicated the corresponding set 

I,{w) = {9eAp \ {wpB,te) < 0} 

of simple roots. The cohomology H*{^p) is divided into four "quadrants" according to the 
value of luiw). 

If necessary, project the characteristic element e to the identity component of the 
torus Sp(]R) and let t G 2lp = Lie(y4p) denote its log. The right hand half of Figure ^ may 
be identified with the Lie algebra 2tp. The chamber containing t determines the expanding- 
contracting nature of the Hecke correspondence near this fixed point. In each chamber we 
have indicated the set of expanding roots, 

A+(e) = {deAp\ 9{t) < 0} 

(where now 6 E Ap has been identified with a homomorphism 2lp —>■ M). The Lie algebra 
2tp is divided into four "quadrants" according to the value of Ap(e) (although we have not 
indicated which quadrant contains a given "wall"). 

Theorem |13.5| states that the portion of i7*(9^p) which contributes to the Lefschetz num- 



ber at this fixed point depends on the quadrant in which t = log(e) lies: if Ap(e) = J C Ap 
then only the portion of if*(DTp) which lies in the quadrant indexed by J contributes to the 
Lefschetz number. A further degree shift by \ J\ occurs when this portion /7*(9Tp) ^j^^ jj is 



identified (in Theorem 12.5 ) with the local weighted cohomology with supports. 

It is a remarkable fact that, globally in the Hecke correspondence, the fixed points occur 
in Weyl group orbits. Assuming t is regular (does not lie on a wall) then, after summing 
over all the fixed points, each chamber will appear the same number of times. It is the sum 
of these local contributions over a VT-orbit of fixed points ( [ pKM|| p. 529, last paragraph) 
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Figure 7. Diagram of ly{w) and of Ap(e 
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which gives rise to the combinatorial formula for the averaged discrete series characters as 
described in [PKM . 



16.3. Very positive and very negative weights. Let i : X — > X denote the inclusion. 
Suppose the weight profile v = — oo (or is very negative). Then the weight truncation does 
nothing, and the weighted cohomology sheaf W'^C'(E) = R^^,(E) becomes the "full" direct 
image of E. For any stratum Xq, Iu{w) = (j) for any w G Wq. Theorem 13.5 then says that 
a fixed point stratum F fl Cq (with characteristic element e) makes a contribution to the 
Lefschetz number only if AQ(e) = 0, which is to say, only if the Hecke correspondence is 
either contracting or neutral in every direction normal to the stratum Xq. 

In this case the local contribution to the Lefschetz number may be expressed in terms 
of the character of the finite dimensional representation G — > G\j{E). We briefly recall the 



argument m 



^7.18. The quantity Ei(-l)'Tr(e- 
Tr(e'^;^) 



H\^P,E)) is equal to 



times the following quantity: 

5^(-irTr(e-i;A'(D^J 



det(l -Arf(e);9^p(C)) 
\{{l-a'\e)) n «(e)(-ir-^- 



Ap(e) det(e; atp)(-l) 
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dim Olp 



where Ap(e) = naG*j(^ ~^ ^i^)) denotes the (partial) Weyl denominator. (These quanti- 
ties may be further expressed in terms of |Z)^(e)|, 5p(e), and Xg{^) using ||GKM|| (7.16.11), 
(7.18.3) and lOKM^ p. 497.) 

Similarly, suppose the weight profile v = +oo or is a very large positive weight. The 
stalk cohomology (at a point x G Xq in some boundary stratum Xq) of the weighted 
cohomology sheaf W'^C*(E) vanishes because the weight truncation ( |12.2.1| ) kills everything. 
In this case, the weighted cohomology sheaf is quasi-isomorphic to the sheaf Ri\(E) which is 
obtained as the extension by of the local system E. Its cohomology is the compact support 
cohomology H*{X;E) of the locally symmetric space. For any stratum Xq, According to 



( |12.7.2D , luiw) = Aq for any w G Wq. Theorem |13.5| then says that a fixed point stratum 



F n Cq (with characteristic element e G Lq) makes a contribution to the Lefschetz number 
only if AQ(e) = Aq, that is, only if the Hecke correspondence is strictly expanding in all 
directions normal to the stratum Xq. Then the same quantity ^,-(— l)*Tr(e~^; if*(DTp, -E)) 
occurs in the formula, but with a (possibly) different sign. 

In these cases (of u = ±oo) the Lefschetz formula of Franke [0] can be recovered, cf. 
I GIOl §7.17, 7.18. 



16.4. Hyperbole 3-spaee. For G(]R) = SL2(C) the symmetric space D = G/K may 
be identified with hyperbolic 3-space. If F is a torsion-free arithmetic group, then X = 
r\D is a hyperbolic 3-manifold. The group G does not contain a compact maximal torus. 
Consequently, x{^) = (cf § |15.6|) . However, when X is not compact, there exists a Hecke 



correspondence on X whose fixed point set consists of a smooth curve which passes from one 
cusp to another cusp. The Euler characteristic of this fixed point set is not zero, although 
the Euler form vanishes identically^. It is possible to find particular weight profiles such 
that the (global) Lefschetz number of this correspondence on the weighted cohomology is 
nonzero. However, the formula [GKM[ (thm. 7.14.B) would attribute the contribution from 



this fixed curve to the cusps, rather than to the interior stratum. This re-attribution is a 
result of equation (7.14.2) of ||GK1VI|| . 



16.5. Nielsen fixed point theory. Suppose X is a compact manifold with fundamental 
group F = 7ri(X, xo). Let / : X ^ X be a self-map. A choice of path from the basepoint 
Xo to its image f{xo) determines a homomorphism : F — F. Two elements 71,72 G F 
are said to be (p-conjugate if there exists 7 G F so that 72 = 7710(7)"^. Let (F)^ denote 
the set of 0-conjugacy classes in F and let M(F)0 be the vectorspace of finite formal linear 
combinations of such classes. For each connected component F of the fixed point set of /, 
let L{F) G M denote the contribution of F to the Lefschetz number L, that is, 

L = J2(-^y (/* ■ H\X) - H\X)) = J2l{F). 



^It does not violate Theorem 15.1: it is not a "locally symmetric space" in the sense of §2.1 because it 
contains (and in fact consists of) a Euclidean factor. 
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The Nielsen theory (see ||GN|| ) assigns 

• a 0-conjugacy class {F} G (T)^ to each connected component F of the fixed point set, 
and 

• a (cohomologically defined) Nielsen number A^({7}, /) to each 0-conjugacy class {7} 
such that 

E ^({7},/){7} = E^(^){^}^^(r)0 (16.5.1) 

{7}e(r)^ F 

thereby "refining" the Lefschetz fixed point formula. (The sum on the left is over 0-conjugacy 
classes and the sum on the right is over connected components of the fixed point set.) 

Now suppose that X = r\D is a compact locally symmetric space. Fix g G G(Q) and 
let C =^ X be the resulting Hecke correspondence. Let {TgT)i be the set of F-conjugacy 
classes of elements e G TgT. Let E to be the local system corresponding to a representation 
T : G —>■ GL(E). Theorem |1.4| then says that the Lefschetz number of this correspondence 
is: 

L = Y,x{F{e)Mr{e)-';E). (16.5.2) 

{e} 

Here, the sum is taken over all conjugacy classes {e} G (TgT)i, and F{e) denotes the set 
of fixed points which have characteristic element equal to e. This set is empty unless e is 
elliptic (modulo Aq). If F{e) is not empty, then it is compact. 

It turns out that if the local system E is trivial, and if the correspondence C ^ X is 
actually a self-map / : X — > X then the terms in ( |16.5.2|) are exactly the terms in the Nielsen 



formula ( |16.5.1|) . The group F may be identified with the fundamental group ni{X, xq). The 
Hecke correspondence is actually a self-map iff the element g normalizes F. In this case, the 
automorphism : F — F is given by conjugation: 0(7) = g^g~^. Finally, the association 
a ^ ag (for a G F) determines a one to one correspondence 

(F),^ ^ {TgT),. 

There is a slightly more general Nielsen formula for correspondences, also with coefficients in 
a local system. The terms in this formula again coincide with the terms in the sum ( [16.5.2p . 
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